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ON A THEOREM OF ERDOS AND TURAN

VEIKKO ENNOLA

1.

Let f(n) be an arbitrary positive decreasing function defined for every
natural number » with values <1. Let x,%,,...,zp be any real numbers
and let N(P) denote the number of integers n such that

0 <z, £ f(n) (modl), 1=ngP.

If the numbers z,,%,,...,zp are sufficiently well distributed (mod1), it
is natural to expect N(P) to be asymptotically equal to 3F_,f(n). If
f(n)=f is constant, there is a well known theorem of Erdds and Turan
[1, Theorem III] which gives an estimate for the error term. This theorem
is the strongest known quantitative form of the famous Weyl’s criteria
in the theory of uniform distribution modulo one. In this paper our
intention is to generalize the theorem of Erdos and Turan to the above
situation. We shall prove the following

THEOREM. Let
k
P(P) = max{ 3 eS| | f=1,2,.. .,P} ,
n=1
k .
Y (P) = max{ > et | k=1,2,.. .,P}.
n=1

Then, for any natural number m, we have

P P 2m~—2
NP)- S1m)] <32 (5 + 3 (rdP)+rlP)a).

Nl g=1

2.

As in the paper of Erdés and Turan we use the so-called Dunham
Jackson means of the characteristic functions of the intervals in ques-
tion. Let J,,(t) denote the Dunham Jackson kernel
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Jo(t) = (sir.l nmt)4

sinzrt
m—1 m—1 m—1
= m? + 4m Y (m—k) cos2nkt + 4 Z z m—k) (m —1) cos 2xkt cos2nlt .
k=1 k=1 l=

Then we have

1
(1) R, = fJ,,,(t) dt = Im(@m2+1).
0

For any real numbers &, such that « <<« +1, we denote

1 ? sinzm(t —x 1 b
I3 26, ) =ﬁ;“f ( sinz(t — ) ) R_aL In(®)de
Then
(2) 0 < gul@; @, p) < 1

for every value of . An elementary computation gives

2m—2

B  ml@;xp) =f—o + Z (Sm27tq(ﬂ ) — sin 27g(x — )

where

39 2m—q)q+1

5 o 1 for 1<g=sm-1,
m m

4 d, =
@ “ |em—g 2m—g2 -

2m 2m2+1

By (4), it is easy to see that

(5) 0<d, <1, 1=g=2m-2.
Clearly
(6) Jm(t) = Jm(l —t) .
Put
(s+1)/m
8(s) = f J () d, s=0,1,2,...,m—1.
8/m

For 1=s<im—1, we have



ON A THEOREM OF ERDOS AND TURAN 77
s (+1)/m
(7) d(s) < sin~4m— f sin*zmt dt
m
s/m

(s+1)n
1 /m\*1 3
< — (——) — sindudu = — m3s—4.
128

16 m
If m is odd and =3, we have, similarly,
m—1 3 1/ 2m 4
® (") <t (o)
2 128 m —1

Hence, for any natural number r, 1 <7< }m, we obtain, by (6), (7), (8),

3 1 /m\3
—_m3 s—4 — | =
9) T/LJ t)dt<18mz <32(r)
and
rim m 3
(10) f Tnl®)dt > 3B~ — (~> .

Suppose now that 2r/m<f—x<1,rz21, and a+r/m <z <f—r/m. Then,
by (1) and (6),

2r/m
PCT aﬁ)_—-f.f t)dt_Z_E.—f J () dé
Lpha mO
1 1 1 /m\3 1 3 3
_1_6R_(7)> T3

Similarly, if 2r/m<14+a—f<1, r21, and ﬂ+r/m$x_<_1+oc—-r/m, then

p—x
3
I —_ -3,
Zm(x &, /3) = f Jm(t § _R me(t) dt < 27'

™ r/m
So we obtain the estimates
>1-gr? for oa+rmZx<f-rm,
(11) Am(Z; 04,/3) s .3
>5r for B+rm2xsl4+a—r/m,

valid for every natural number » such that 1<r=<m/2. Because of the
periodicity, the z-intervals may, of course, be taken modulo 1.

3.
For any real numbers «,f such that « <=« +1, we write
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1 if x<x=< mod1),
2@ «,f) = 0 a )

otherwise.

Let k and I be any natural numbers such that 1<k<I<P and let y be
any real number. For m = 3, we then have, using (3), (5), (11),

l
(12) Z 2zns y+f(n), y +f(n)+1/m)

l
% kam(wmy +f(n)—1/m,y +f(n)+2/m)

3P 2m~2 1
%(T 2

g=1 g

IA

l
3 sin2ag(y +f(n) + 2fm —2,)

n=k

IA

+

(y+f(n)—1[m—w=,) i ))

4P 2m~2 1 1 1
< — + > - ( > sin2nq(x,,—f(n))' + | X cos2aq(x, —f(n)) D
g=1 q n=k Nmk
2m—2
<4—Ij+ 43 @P)gt.
g=1

Similarly, we have

l 2m—2
(13) ka(wn; y,7+1/m) < 4P[m + 4 3 (P)g*.
N g=1

4.
We shall now derive a lower bound for N(P). We obtain

P
(14) N(P) = §lx(-’vn; 0,f(n))

P P
2 3 AT 0.f(n)) - Z xm(mn; 0,f(n)) 2(%n; f(),1)

n=1
2m—2
>n§1f n)—1/n Z (Po(P) +pg(P))g~* -

—EmMmQﬂMM@MﬂMMbﬁmm~

Na=]l

P
= 3 An(@a3 0. ) 1 (25 3(1+f()),1) .

Nl
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We denote the last two sums by 2 and X,, respectively. Put
@y = [m(1-f(n))].

Then {a,} is a non-decrcasing sequence of non-negative integers. Let

co= — 1, ky=0 and determine the integers k; and ¢;, 1=1,2,...,s, so that
Q141 = Qpg_q42 = -+ = @, =03, 1=12,.. .5,
where
0S¢ <cCp< ... < O<k<ky<...<ky=P.

We then obtain

P an 1
5 =3 3 talens 04 0) 2 (i f(n) + = fn)+ =) +

n=1r=1

r 22
+ 3 sl 0.5(m) 7 (i) + 22, (11 0))

Ne=1

P ap+l

S 3 S alows 0S) 1 (5 S0+ )+ )

n=1 r=1

8 ci+l

P -1
=3 2 > xm(wn;O,f(n))x(xn;f(n)+%b—,f(n)+%)

t=1 r=ci-1+2 n=ki-1+1

=2Xi:

i=1

say. Put

2m~—2

4P
=—+4 (),
m 2:1 %

4P 2m—2
V=—+43 y(Pygt.
m g=1
For 7= 3, we have ¢;_; 21, ¢;= 2, so that (11) and (12) imply

Ci

50( 3 (-1 -1

re=0C{-1+2

(15) X,

IA

ci-1

0 > r3.

reoii1+2

IIA

For 1=1,2, we have similarly

c1—1
(16) X, 5 0(2+4 3 )

rm]l
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and
-1
(17) X, <o (1+§3§ r‘3).
r=C1+1
Hence, by (15), (16), (17),
(18) 5 < @(3+%zr—3) < 40,
r=1

In the same way one obtains the estimate

(19) I, < 4.
Hence (14), (18), (19) imply the required result
P p 2m-2
@) NP)> 30 - 32(n+ 3 (@lP)+ ).
n=1 g=1
5.

Starting from the expression

P
N(P) = glx(xn; 0,f(n))

P P
= lem(wn; 0,f(n)) + Zl(l—xm(xn; 0,f(n))) x(%n; 0.f(n))
N= n=
one can apply a similar procedure and obtain the upper bound
P P 2m-2
ey NP <3 fm+ (53 (wP) @)
N= q=

The Theorem follows from (20) and (21).
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