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ON THE CONCEPT OF
CONGRUENCE RELATION IN PARTIAL ALGEBRAS

G. GRATZER* and G. H. WENZEL

1. Introduction.

There are two concepts of congruence relations on partial algebras
which are usually used in the literature. The first is simply the concept
of “‘congruence relation”’, the second is the concept of “‘strong congruence
relation”. The two concepts coincide whenever the partial algebras in
consideration are universal algebras. Some mathematicians seem to be
convinced that the first concept is the preferable generalization of con-
gruence relations on universal algebras, others prefer the second one.
The authors of this paper believe that neither of the convictions is par-
ticularly justified, but that rather the individual nature of a problem in
question determines which concept should be used. Applications of
congruence relations can be found e.g. in [3], applications of strong con-
gruence relations can be found e.g. in [4]. A systematic treatment of
both concepts is contained in [1].

The concept of a partial algebra is the natural one if we want to talk
about subsets of universal algebras rather than about subalgebras. If
we take any subset B of a universal algebra 9 which is not necessarily
closed under the operations, then we just delete all n,-tupels in the domain
of each m,-ary operation f, which would yield a value outside of B and
thus arrive at a partial algebra.

From here comes the main motivation for the theory of partial algebras.
So it would be highly desirable that both the congruence relations and
the strong congruence relations on partial algebras could be characterized
as restrictions of congruence relations on universal algebras. Theorems 1
and 2 of Section 3 yield precisely those characterizations. A stronger
version of Theorem 1 can be found in [3]. The authors construct there
an embedding of any partial algebra into a universal algebra U such that
all the congruence relations on the embedded partial algebra can simul-
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taneously be extended to 2. A still stronger version of Theorem 1 can
be found in [1] where the author gives an explicite description of U as a
free algebra over the class of all algebras of a given type generated by
the partial algebra in consideration. The same stronger version of Theo-
rem 2 due to the first author of this paper is given in [1]. The stronger
results mentioned are used by the first author and E. T. Schmidt in
order to characterize algebraic lattices as congruence lattices of universal
algebras (see [3]). From our point of view these strengthenings are ir-
relevant, and a different approach of the proofs of Theorems 1 and 2
avoiding the rather technical proofs for the strengthenings mentioned
above seems to be justified. Theorem 3 and its proof are due to the
second author of this paper. Theorem 3 yields Theorems 1 and 2 and
permits a unifying proof of the same. Theorem 2 was announced in [2]
by the first author.

2. Preliminaries.
In this section we collect the concepts needed in our results.

DreriniTiON 1. B=(B; F) is a partial algebra if B+ and F consists
of finitary partial operations on B. If fy is a n,-ary partial operationin F,
then D(f,,B) denotes the domain of f, in B, that is, D(f,,®B) is a subset
of B™,

DerFiniTION 2. The partial algebra B’ =(B’; I') is a subalgebra of the
partial algebra 8 =(B; F) if B'< B, the operation f, on 8’ is the restric-
tion of the f, on B to B’, so

D(f,,8’) = D(f,,B)aB™ forallf,eF.
DeriniTIoN 3. The partial algebra 8’ =(B’; F) is a relative subalgebra
of the partial algebra B=(B; F) if B'<B and for all f, e F

D(f,, %’ ) = {(b,. .- n,,—l)
(bas- - ++bny2) € D[, 8) AB™ and f, (by,. . .,bp1) € B} .

We also say that B’ is embedded in $B.

DEFINITION 4. 0 is a congruence relation on the partial algebra B if it
is an equivalence relation and

Ty = y0(6)7 . ny-l = yny—l(e)
fy(xm' . ~5xny—1) = fy Yos- - - :%,,—1)(9)
for all f, e F with

{(xO’ LU axny—l)’ (Z’/o, LY >yny_1)} g -D(fyy %

implies
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DErINITION 5. 0 i3 a strong congruence relation on the partial algebra
% if it is a congruence relation and if

Ty = yo(e)" . '9xny—1 = yny—l(e)
(xO’ v ,xny——l) € D(fy’%)
05+ - +1Yn,—1) € D(f,,B) .

and

then

DeriniTION 6. If 9’ is embedded in B and 6 is a congruence relation
on B, we denote the restriction of 6 to B’ by 0.

Now we are in a position to state and prove our characterization theo-
rems.

3. Characterization theorems.

THEOREM 1. Let B=(B; F) be a partial algebra and let 0 be a congruence
relation on B. Then there exists an algebra N which contains B as a relative
subalgebra, and there is a congruence relation 6 on U such that G5=0.

THEOREM 2. Let B ={B; I') be a partial algebra and let 0 be a congruence
relation on B. Then 0 is strong if and only if B can be embedded into an
algebra A and 0 can be extended to a congruence relation G on A such that

[6]6 = [b]6 forall be B,
where [b]0 denotes the congruence class of 8 containing b.

Before we state Theorem 3, we introduce a new concept needed in
that theorem.

DeriniTION 7. If the partial algebra B with the congruence relation 6
is given, we call a subalgebra B’ 0-strong if 0. is a strong congruence
relation on B’. Thus, B is a f-strong subalgebra of B if and only if 0
is strong on B.

Using this terminology we get

THEOREM 3. Let B be a partial algebra and let 0 be a congruence relation
on B. Then B can be embedded into a universal algebra N so that

(i) There is a congruence relation § on A such that 6z=0.

(ii) For all G-strong subalgebras B' of B there is a subalgebra A’ of A
extending B’ such that [b'105 =[b"]y for all b’ € B’ and some congru-
ence relation yp on U’'.

Since Theorem 1 is identical with Theorem 3(i) and since the “only
if” part of Theorem 2 follows from Theorem 3(ii) and the fact that B is
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a O-strong subalgebra of itself provided that 0 is strong, we can confine
our attention to proving the “if”” part of Theorem 2 and Theorem 3.

ProOF oF THE ,,1F”’-PART OF THEOREM 2. Let 5 be a relative subalgebra
of the algebra % and let § be a congruence relation on U extending the
congruence relation § on B. We assume that [b]6=[b]0 for all be B
and have to show that 0 is strong. To do so, assume

Ty = y0(0)7 . "xny—l = yny—l(e)
(x()’ e axny—l) € D(fy’ 'SB) s

fy(xoy' . ”x‘ny—l) GB .

and

that is

Since % is an algebra, f (Yo, . . .,Yn,1) exists in A, and we conclude that
@ 3@y 1) = f,(Y0- - Yay-1)(0)
holds. But we know by assumption that
[y (®@os- - - X210 = [fy(@0s -+ - ¥ 1)10
FyWos - - -s?/n,,—1) eRB.

Since B is a relative subalgebra of U, we conclude that

(?/m v ’yny—l) € 'D(fy’%)

and therefore 0 is strong. This completes the proof.

and, hence,

Proor or TaEOREM 3(i). Let B=(B;F) be the partial algebra in
question and denote the congruence classes of 6 by

C’O,Cl,...,Cy,..., y<o&.
We define the set
4 = Bv {c‘y}y<rxv {m}’

where ¢, +¢, if y+06 (y,0<«) and c,+m, c, ¢ B for all y<x and m ¢ B.
Let

{m}, Covice}, Orvie,....,0,v{c,},..., y<«,
be the blocks of a partition C of 4. Set
C, =0, vi,}, v<«.

Then we define f, (f, € F) for (z,,. . <s%p,—1) € A™ as follows:
«) f, (@0, - - %p,1) is a8 defined before if '

(@« 1 Tpyg) € CpyX ... X Cvn,._x"D(fv’%) .
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ﬂ) fy(wO" . "x‘ny—l)=c¢) if
(Zgy + «@ppy) € O X .. ,n? _\D(f,,B)

and if there is some
(x5 - ny—1) € C, x. O,W_IAD(fy,%)

such that f(zy’,. . ->93n,,-1) € C,.
7) [, o1&, —y) =m if 2;=m for some i=0,...,n,—1 or if

’
(@gs - - - %p,1) € Cppx .. xC,W y

Gy % .- xC’,WIAD(fy,%)zg.

and

This definition makes each f, € F an operation on 4 and, thus, A={4; F)
a universal algebra. Part «) of the above definition shows that B is a
relative subalgebra of 9 since §) and y) yield elements outside of B.
The partition C induces an equivalence relation 6 on 9, and ;=0 fol-
lows from the fact that

(a) {m},0y .. .,0,),. .., y<a, are the equivalence classes of 6,

) {m}aB=0, CyAB=C,, ..., C,/AB=C,, ..., y<a,

(c) 0 induces the congruence classes C,...,C,,..., y<«, on B.
Thus, all that is left to be shown in part (i) of Theorem 3 is the fact that
0 is a congruence relation:

Let 2=¥4(0), . - -, @n,1=Yu,1(0):

a) If «;=m for some ¢, then y;=m and, hence,

m = f (@ - s Cpn1) = S Yos- - -3 Yny-1)
by ).
" b) If (2, . .,2,,) is 0 C) x ... % 0,', ,» then

(y07 A ,yny-—l) € C:vo X...X Ovny-l
It G, x...xC _AD(f,,B)=0, then

vny
m = f,(xg,. .. ’xn-y—l) = £, - - 7?/n,—1)
by y). I C, x ... x C’,W _AD(f,,B)+0, then either b)) both
Jy(@os -+ 5 %ny) and [, (%o - -:Yny-1)
equal ¢, for some d<«, or b,) one of them, say f,(%o,. . .,%p,1), 18 in G,

for some 6 <« and the other equals ¢, (by B)), or by) both (x,. . .,2p,—1)
and (y,,. . “sYn, _1) are in D( fy, ) which by «) and the fact that 6 is a

congruence relatlon on B implies that

fy(xm' .. ywny—l = fy Yos- - - ’yny—l)(e)



280 G.GRATZER AND G. H. WENZEL

and, hence, that

fy(xl)’ e ’xny—l) = fy(yO’ v :yny—l)(é) .
Thus,

fy(xm- . 9xny—1) = fy(yo,- . :yny—l)(a—)

holds in all cases, and the proof of part (i) of Theorem 3 is completed.

Proor or THEOREM 3(ii). Let B'=(B’; F') be a 0-strong subalgebra
of 8. Then 0 is a strong congruence relation on B’ and, hence, either

C,ox .. x@,W_IAD(fy,SB) =0

or

o

0

x...x@,W_IAD(fy,SB) =C x...xC

v Yny—1
for
0, = C,AB" and f,eF.

vi

This and the fact that A'AC,=C, for A'=B'v{m}v{c,},., shows that
W' ={A’; F') is a subalgebra of the algebra 9 since part ) or y) in the

definition of f(,. . .,%,,,) is applied if
(@0, - 5&y,—1) € A™\D(f,, B) .
B’ is obviously a relative subalgebra of 9’. The congruence classes of 05 are

00,...6 ey 'y<0£.

b y} .
On the other hand, a congruence » on A’ is defined by the classes

{co},...,{cy},...,{m},0~0,...,07,..., y<o.

Thus [b']05 =[b"]p is true for all b’ € B’. This completes the proof of
Theorem 3(ii).
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