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SOME APPLICATIONS OF THE HILFSSATZ
VON DEDEKIND-MERTENS

ROBERT W. GILMER, JR.

Recently Arnold [1] has proved the following result:

Let R be a commulative ring containing a regular element, and let T be
the total quotient ring of R. If f,ge T[X,,...,X,] and if A, B, and C
denote the fractional ideals of R generated by the coefficients of f, g, and fg,
respectively, then there is a positive integer k such that A*+1 B = A*C.

Arnold’s theorem represents a broad generalization of a result due
originally to Dedekind [4] and Mertens [13], proved in case R is an inte-
gral domain with identity and n=1. This result Krull refers to in [9,
p. 128] as the Hilfssatz von Dedekind—Mertens. A form of the Hilfssatz
von Dedekind-Mertens is proved by Priifer [15, p. 24].

We present here some applications of the Dedekind-Mertens Lemma
to the important case when R is a Priifer domain, i.e., an integral domain
D with identity such that each nonzero finitely generated ideal of D is
invertible. The study of such domains originated with Priifer’s paper [15]
and Krull developed some important aspects of the theory of Priifer
domains (called Multiplikationsringe by Krull) in [11]. In recent years
renewed interest in the structure of such domains has been evident.
For example, the papers of Jensen [8], Gilmer [5], Butts and Smith [3],
and Ohm [14] contain basic results concerning the ideal theory of Priifer
domains. In a Priifer domain the equality 4¥+'B=A%C in the state-
ment of Arnold’s result implies that AB=C, since A¥* is an invertible
fractional ideal of R, and hence is a cancellation ideal. (The ideal @ of
the commutative ring S is a cancellation ideal if there do not exist distinct
ideals @,,Q, of S such that QQ,=QQ,.) -

In stating Theorem 1, we use this notation: D denotes an integral
domain with identity having quotient field K. For fe K[X], A, denotes
the fractional ideal of D generated by the coefficients of f. We have
already observed that 4;,=A4,4, for any f,g € K[X] in case D is a Priifer
domain. Theorem 1 establishes the converse.
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Tareorem 1. If A;A,=A4,, for any f, geK[X] then D is a Prifer
domain.

Proor. By a result due to Priifer, it suffices to prove that each non-
zero fractional ideal of D with a basis of two elements is invertible
[15, p.7]]. Thus if a,b are nonzero elements of K, the equality
(aX —b)(aX +b)=0a2X2%2—b% implies that (a, —b)(a,b)= (a2, —b2). Conse-
quently, ab € (a2,0%). A result due to Butts and Smith [3, Prop. 3.9]
then shows that (a,b) is invertible if D is integrally closed. (The method
of proof of this result essentially goes back to Priifer [15]. In Theorem
4.3 of [7], Gilmer proves a generalization of Butts and Smith’s result.)

We complete the proof by establishing integral closure of D. Thus if
¢ € K and if ¢ is integral over D, there is a monic polynomial f(X) € D[X]
such that f(c)=0. In K[X] we have f(X)=(X —c)g(X), where g(X) is
necessarily monic. The equality A,=Ay_, A4, then implies: D=(1,0)4
and since ¢ is monic, ¢ € (1,c) 4,,. Therefore ce D, D is integrally closed
and our proof is complete.

REMARK. Theorem 1 implies that if 4, =A4,4, for any f,g € K[X],
then the corresponding equality also holds for any f,g € K[X,,...,X,].
That this is true also follows as a corollary to this elementary result,
proved in [1]: If § is a commutative ring and if f,g € S[X,,...,X,],
n 22, then there exist f;,9, € S[X,,...,X,_,] such that f and f;, g and
g1, and fg and f,9, have the same sets of coefficients.

The applications of Theorem 1 and its converse which we shall con-
sider here concern ideal theoretic properties of a Priifer domain under
integral extensions. We introduce some notation which we use through-
out the remainder of this paper. D denotes a Priifer domain, K is the
quotient field of D, and p is the characteristic exponent of K (that is,
p=1 if K has characteristic 0; otherwise, p is the characteristic of K
[2, p. 71]). L denotes a finite normal extension of K of degree n over K,
and G denotes the Galois group of L/K. The order of @ is equal to r,
the separable degree of L/K, and n=rp* where p* is the degree of in-
separability of L/K. If D is the integral closure of D in L, D is a Priifer
domain [15, p. 22], and D is stable under G; that is, (D)= D for each
o6 € G. Hence we may consider @ as a group of automorphisms acting
on D. Following the terminology used in classical algebraic number
theory [12, p. 62] we define, for any ideal 4 of D, the norm of A, denoted
by N(4), to be

N(4) = [AD4® . AOpP",

where @={0,=1,0,,...,0,} and where A®=g,(4); here I denotes thf
identity of G. Also, if g e L[X], A, denotes the fractional ideal of D
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generated by the coefficients of g. (In algebraic number theory, 4, is

called the content of g. A well-known result from algebraic number theory

states that if L is a finite algebraic number field and if D is the ring of

rational integers, then the content of the product of two polynomials

over D is the product of the contents of the two polynomials [12, p. 68].)
Using this notation and terminology, we state and prove:

TrEOREM 2. If A i3 an ideal of D, N(A) has a basis consisting of ele-
ments of D. That is, N(A) is the extension of an ideal of D.

Proor. We first consider the case when A4 =(by,b,,...,b,) is finitely
generated. If for each ¢ between 1 and r,

19 =3 o)X,

3=0
then 49 = A4y for each ¢, so that
AV AN = Af(l) . Af(r) = Af(l),.,f(f) ’
the last equality holding because D is Priifer. However, the coefficients

of f=fo. fo

are left fixed by each element of G, and hence these coefficients are
purely inseparable over K. It follows that f"" € D[X]. But

N(4) = [4,F" = A,p%,

so that N(A4) has a basis consisting of elements of D as we wished to show.

In case A is not finitely generated, we consider the family {B,},,, of
finitely generated ideals of D contained in 4. {B,} is a directed set under
¢ and A=U, B,. Further, the definition of N(4)=[4® ... A" ag
the set of all finite sums of products x;x,...z: of rp* elements, p*
from each A®, implies that each element of N(A4) is in N(B,) for some
AeA. Hence N(4)=U,,N(B,), and N(A4) has a basis consisting of
elements of D since N(B,) has this property for each 1 € 4.

CorOLLARY 1. If A is an ideal of D which is stable under G, then A™
has a basis consisting of elements of D.

Proor. Since 4 is stable under G, A=4W=.., =4", Hence N(4)=
(47)?*= A", and Corollary 1 follows from Theorem 2.

CorOLLARY 2. If B ts an ideal of D which is equal to its own radical,
and if A is the radical of BD, then A®< BD.

Proor. It is clear that BD is stable under @, and this implies that 4
is also stable under @, for if x € 4 and if 2™ € BD, then for any o€ @,
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o(@™) = [o(x)]* € BD sothat o(x)ed;
hence o(4)c 4 and ¢-1(4)c 4, and consequently,
A = o(4).

Corollary 1 then implies that A" is the extension to D of an ideal of D;
in particular, A»=(4"nD)D. Each element of A" is in the radical of
BD, so that each element of A*nD is in the radical of BDnD. But a
result due to Krull [11, p. 752] shows that

(VBD)nD = VB =B.
It follows that A*n.Dg< B so that
A" = (A»n D)D < BD

as we wished to show.

COROLLARY 3. If P is prime in D, the set of prime ideals of D lying
over P is finite. If this set is {P,,... P}, then

t n
[ N Pi] c PD.
i=1

Proor. By a theorem due to Krull, [11, p. 752], the primes of D
lying over P are conjugate under elements of ¢'. Hence the number of
such primes is finite and is <. Since D is integrally closed, {P,,. .. P}
is the set of minimal primes of PD [11, p. 765], so that

P,n...nP,=yPD.
From Corollary 2, it follows that [N:_, P,J*< PD.

=1

REMARK. In the notation of Corollary 3, there are no containment
relations among the P,’s since D is integral over D. But since D is
Priifer, this implies that the P,’s are pairwise comaximal. Hence

t 12
n P i = H P i
i=1 i=1
The analogues of Corollaries 2, 3 are meaningful without the assump-
tion that L is normal over K. We prove these analogues in Theorem 4.

THEOREM 4. Let D be a Priifer domain with quotient field K, let L, be a
finite algebraic extension of K, and let D, be the integral closure of D in L.
Let L be a normal closure of Ly|K and let n=[L:K].

(a) If B ts an ideal of D such that B=VB, and if Ay=)BD,, then
A< BD,.
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(b) If P is prime in D, the set {P;}:_, of prime tdeals of D, lying over
P is finite, and

[,él Pi]n = Lli[l Pi]n c PD,.

Proor. (a): Let A=) BD, where D is the integral closure of D in L.
Then clearly 4,< 4, and by Corollary 2, A»< BD. Hence A,"< BDnD,.
But Corollary 2 of [6] shows that BDnD,=BD,.

(b) Since there are only finitely many primes of D lying over P and
since each prime of D, lying over P is the contraction to D, of a prime
ideal of D which lies over P, there are only finitely many primes of D,
lying over P. Having made this observation, the proof of Theorem
4(b) is the same as the proof of Corollary 3 if this change is made in the
proof of Corollary 3: replace “Corollary 2’ by ‘“Theorem 4(a)”.

AppED IN ProOF. After an abstract of this paper appeared in Notices
of the American Mathematical Society, Professor Irving Kaplansky infor-
med the author that Hwa Tsang proved Theorem 1 in her thesis. Hwa
Tsang has not submitted her results for publication.
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