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ON THE CONVERGENCE PRINCIPLE OF B. M. KLOSS

HERBERT HEYER

1. Introduction.

Convergence principles for probability measures on locally compact
topological groups G are concerned with a proper ‘norming” of convolu-
tion sequences of probability measures on G such that the ‘“normed”
sequence always converges to a limit measure.

The notion of convergence principle dates back to a paper by B. M.
Kloss in 1959 [4]. Kloss showed that on first countable compact groups
a convergence principle holds. The following note serves two purposes:
First of all it replaces the (incomplete) proof of Kloss by a new one
relying on a general theorem of Csiszér [1]. Secondly a converse of Kloss’
theorem is proved which yields a characterization of those groups where
the convergence principle is valid.

The author owes gratitude to Dr. I. Csiszar for having put to his disposal
a manuscript which contains a key Lemma useful in the first part of the
proof of the theorem and for a helpful comment.

2. Preliminaries.

Let G be a locally compact (Hausdorff) group with Haar measure w.
By & := (@) we denote the set of all real valued continuous functions
on G having compact support. Let € := (@) stand for the set of allreal
valued continuous functions on @ vanishing at infinity. Let A4 := #(G)
be the set of all Radon probability measures on G (i.e. the set of all
regular Borel probability measures on the Borel o-algebra B := B(G)
of @). In . one can introduce the vague topology Z, such that a sequence
(Bn)nzy in A converges to u€.# in the sense of J, if and only if the
sequence (u,(f)),z; converges to u(f) for all fe X", as n — oo. We shall
use the abbreviation u, — p or lim,_, . u,=p for convergence in 7,

We also introduce in # a multiplication, viz., convolution of probab-
ility measures (denoted by #). It is known that the mapping (u,v) - u*v
of M x M into A is T,-continuous. Hence .# becomes a topological
semi-group. By &, we denote the Dirac measure in z (z€@). Given
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u,v € M, we write u~v if there exists an x € @ such that y=v*e,. There
is an involution in 4 defined by u~(B)=u(B™?!) for all Be B (u € #).

Finally we need to mention two facts from the analysis of .# which
pertain to the tools of this paper.

(i) Support formula: Let u,» € 4 and let S,, S, be the corresponding
supports. Then §,,=8,5, (the bar meaning the closure opera-
tion).

(ii) Characterization of idempotents in .#: The idempotents in .# are
exactly the Haar measures wy for compact subgroups H of G.

The latter result has been proved by the author in [2].

3. The characterization theorem.

Let (u4,),>1 be a sequence in .#. Denote by », the k-fold convolution
ty*. . .xpyy of elements of (u,),»;. We next consider the sequence
(V)gz1 in A.

DrriniTION. We say that for G the convergence principle (CP) holds, if
for any sequence (x,),; in # there exists a sequence (x,),-, in G such
that the (right normed) sequence (vy*é,,);», converges.

RemARK. It is clear that, in the case of a compact group @, any
sequence (u,),-; in 4 converging to u has the following property: For
each sequence (z,),»; in G the sequence (u,*¢, ),»1, provided it con-
verges, will converge to a limit measure 4 such that 4~ u.

We first state a theorem of Csiszir proved for second countable lo-
cally compact groups and draw a consequence.

THEOREM [1]. Let (u,),=; be a sequence in A . Define a second sequence

(#,Dosr<1 Y
L Rl R A R

and let y € M be an accumulation point of the sequence (4o, 1)z1- Then

(i) There exists a subsequence (n;);2q n N 1) such that fy : = limy_, o piz;, n;
(kz0; fig := p) and py, 1= lim; , /i, extist.

(i) po ts tdempotent and fiy= fi*uy, for all k= 0.

(iii) If u,p' € A are two accumulation points of the sequence (o121
and if (n;);z, 48 @ subsequence in N such that [ 1= limy;_, o px,n
(k20; fiy 1= p') and py' 1= lim,_, fi,, exist, then for arbitrary
accumulation points v',v"" of the sequences (fi,)iz1, (i niz1 7€SP-
we get p'=px' and v'x' =pg.

1) N denotes the set of all natural numbers (positive integers).
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CoROLLARY. Let (uy),=1 be a sequence in A and (A.);s, the sequence
of finite convolution products

A i= Pog 1= fy*. . Kpy .
Then, if (Ax)y=1 has accumulation points A,A" in M, one has A’ ~ 4.

Proor or CoroLLARY. Let 4,4’ be two accumulation points of (4;)=,
which are elements of .#. By (iii) we have A'=4x' and v'»'" =p
which by (ii) and the characterization of idempotents equals w, where
H is a compact subgroup of ¢. The support formula yields S, < Hz-V
for all x € 8,.. Putting z,=2"1 we get wp*' =wg*e,, and finally

Vo= %' = krogw' = dxe,,
using (ii) with k=0.

THEOREM. (Characterization of (CP).) (i) If G is compact and first
countable, then (CP) holds.
(ii) Lf (CP) holds, then G is compact.

Remarks. For first countable groups, (CP) is equivalent to the com-
pactness of G.—Statement (i) of the theorem is due to Kloss [4, p. 254].

Proor or (i). Let G be compact and first countable. Let (u,),», be
any sequence in .#. Denote by #:={»: teT} the set of all accumu-
lation points of the sequence (v;);~;, Where

Vi t= Uyk. . kU
Let » be a fixed element in 5#. By the above corollary we know that for
each v, € # we have y,~», that is, to each v, € # there exists an 2, € ¢
such that y=vxe,,.

Since @ is assumed to be first countable, we can exhibit a decreasing
sequence (U,),~, of neighborhoods of » as a base. The subset 5 of .#
is J,-compact and

f < U LI"IL*S(E‘ *
teT
Thus for each n>1 there exists a finite subset {8”””1" . "S’ﬂr} of the set
{eg : t€T} such that ,
# < U Un*ewni'
i=1

By definition of s there is an N=N(n)€e N such that for all nz N

,
v, € U Un*exn‘ .

=1

For n e [N(n), N(n+1)[ we choose €, such that », € Un*e%. Putting
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&y, = gt 1 we get Vikey, € U, for all k= N(n), hence ("k*syk)kgl con-
verges to ».

Before we go into the proof of (ii) we first prove the following

Lemma. Let G be a locally compact noncompact group. Then there exists
on G a function in € with noncompact support.

Proor. Let U be a relatively compact open neighborhood of the iden-
tity e € G. Then the family U={zU : x € G} is a covering of @ by open
sets, which does not admit a finite subcovering. In fact, if 11 would ad-
mit a finite subcovering of &, G would be a finite union of compact
sets and therefore itself compact, which contradicts the assumption.
Hence there exists an infinite sequence (z,),-; in G such that

n—1
z, € ﬁkaU for n=2.
k=1
Let, now, V be a symmetric neighborhood of e with V2< U. The ele-
ments of the sequence (x,V),-, are pairwise disjoint. On G there exists
a continuous function f such that 0<f<1, f(¢)=1 and f(x)=0 for all
z e[[V. It then follows that the function g on @ defined by

g() = §12-"f(xn—lx)

is continuous and vanishes at infinity (that is, g€ €*), but its support S,
is noncompact by construction.

RemMARK. The above construction shows that for noncompact locally
compact groups, € is never contained in X (see [3, p. 152]).

Proor of (ii). We assume that G is a noncompact locally compact
group and that (CP) is valid. Our aim will be to derive from that a
contradiction. The above Lemma guarantees the existence of a Borel
measurable real valued function f= 0 with noncompact support S; such
that

f fdow =1.
G
The measure u € A4 defined by

,u(B)=ffdw forall Be®
B

has compact support S, if and only if S; is compact. Hence we have
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arrived at the existence of a measure u € .# with noncompact 8,. Clearly
u can also be chosen symmetric (that is, u~=pu).

We apply (CP) to this very measure u. It follows that there exists a
sequence (x,),>; in G such that

lim v, := lim u*™*e, ~exists
n—>00 n—>o00

(and equals », say). It is also clear that

lim »,~ exists
n—>oo
(and equals »~).

By the continuity of the mapping (u,v) - u*» from A x .# into A
in the sense of 7, we conclude that lim,_, v,*,” =", and hence

lim v,%,” = lim (u™*¢, ) * (g, —1%p™™") = Lim p***,
n—>00 n—>oo Nn—>00
which we define to be A (=w»x").

On the other hand we have lim,,_, v, *»,” =A*2. Thus 1*2=1and 1 is
idempotent in #. By the characterization of idempotents in (ii) of
section 2 there exists a compact subgroup H of G such that A=wy.
Note that S;=H. Since

lim p*#7+) = lim p*2xp®2n = ( lim ‘u’z)*( lim ,u*zn) = u*%x4,
n—»oo n—>oo n—>oo n—>o00
we also get A=p"2xA.

Since u is the measure in .# that we started off with, the support
formula in (i) of section 2 yields that S,.. is noncompact and hence so
is S,u,;. But then §; is concluded to be noncompact which is the
desired contradiction, since S;=H, H being a compact subgroup of G.

4. Comments.

(1) In the case of second countability the characterization theorem
also follows from Theorem 3.1 in [1], but the argument there does not
seem to extend to the non-second-countability situation.

(2) The argument in part (ii) of the proof, however, can be simplified,
if @ is assumed to be second countable, as is evident from the following
fact: On any second countable noncompact locally compact space X
there exists a purely atomic measure u € .# with noncompact S,. In
fact, since @ is noncompact, there is a countable set {x, : n=1} in G
without accumulation points. One defines u by u({x,})=2-" for n2=1.
Then x has the required property.
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(3) A different version of (CP) appears in a paper by Tortrat [5]: @
is assumed to be a completely regular group, .# stands for the set of all
tight normed positive functionals on the set of all bounded continuous
functions on @, and convergence in the sense of 7, is replaced by uni-
form tightness of families of functionals.

Norte. After the acceptance of this paper for publication, Professor
A. Tortrat has informed the author that further studies of the above
version of (CP) have been published by him in a recent paper [Lois ten-
dues et convolutions dénombrables dans un groupe topologique X, Ann.Inst.
H. Poincaré (B) 2 (1966), 279-298]. Furthermore it has been pointed out
that an idea similar to the one used in the proof of statement (ii) of the
theorem is contained in a paper by B. M. Kloss [Topology in a group and
convergence of distributions, Theor. Probability Appl. 9 (1964), 111-114].
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