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SETS OF LOCAL UNIFORM CONVERGENCE

DON R. LICK

Let X,a,2" be a Taylor series with radius of convergence one,
lim,a,=0, and 3, |a,|= +oc. The author [3] defined sets of local uni-
form convergence and sets of non-uniform convergence of such series. A
point z on the unit C, |z|=1, is a point of local uniform convergence if the
Taylor series converges uniformly on some neighborhood of 2, that is,
some open arc of C that contains z; the set of all such points is called the
set of local uniform convergence. The complement of the set of local uni-
form convergence with respect to the set of convergence is called the
set of non-uniform convergence.

This note proves theorems about sets of local uniform convergence
similar to those in [3]; but the proofs use geometric polynomials instead
of Fejér polynomials as building blocks. The author feels that it is of

interest that these results can be accomplished with geometric poly-
nomials.

TeEOREM. If G is any open set on C, then there exists a function f(z)=
3.a,2" whose Taylor series converges everywhere on C and has G as its
set of local uniform convergence.

The case where G is the entire unit circle C was treated by Hardy [1]
and Herzog and Piranian [2], who each gave an example of a Taylor
series which converges uniformly, but not absolutely on C.

Assume that G is not the entire unit circle C. Let {4} be any denumer-
able set of disjoint open arcs on C such that

(i) &, represents the angular length of 4,;
(ii) &, x,% 1, represents the midpoint of Ag;
(iii) the sequence {«,} monotonically approaches 1.

Let {w,} be a dense subset of C—@, and let &, ,=x,0,. Let
(1) Gyz) = 1+z+2%+...+2
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and
(2) Cy,p(2) = 2Ner G (#]ocg, p)ltq »

where ¢, and N, , are positive integers; the N, , are chosen to ensure
non-overlapping of the polynomials (2) if they are summed as follows:

01,1+C5,14C,,3+03 1+ .... A series of polynomials

3) 240 277 Cgp(2)

will constitute a Taylor series. Let the sequence {¢,} satisfy the condi-
tions that
tg2 20 and S/(Bgt) =T < +oo.
Let
y: |

ap = {€%w,: €7 A} .

Then for each p, any ¢ on C can belong to at most one A4, ,. If &
belongs to 4 then

do, P’

19

qOrp(e'.o)l é l ’

while
Icq,p(ew)l § 7t/((sqtq) lf q 4: QO .

If ¢ does not belong to A4, , for all g, then
Ca,n(€)] = /(St,) -
In either case, the series (3) converges absolutely and
0 27 |0gp(é) S T+1,

Let *Cq'p(z) denote any block of consecutive terms from the beginning
of C, ,(2). Let C;: p(2) denote C, ,(z)—*C, ,(2). In order to show that
the Taylor series defined by the series of polynomials (3) converges
everywhere on C, let z be any point on C and let ¢>0. Choose P such
that 2-"<¢ when n>P. By the way the C, ,(z) were defined in (2),

[*Cqp(2)l = 1,
and so for p> P,
2P |*C,, ,(2)] < €.

There exists @ > 0 such that
[*C,,p(2)| <&  when ¢>@Q, pSP.
Hence if p+¢>P+@Q, then
277 [*C, p(2)| < €

and the Taylor series converges at z.



SETS OF LOCAL UNIFORM CONVERGENCE 129

To show that every point of C—@ is a point of non-uniform conver-
gence of the Taylor series defined by the series (3), let z be any point of
C—@. Let N be any neighborhood of z. Then there exists an integer P
such that wp e N. Also, there exists an integer ¢ such that «, pe N
when ¢>@. But, 2-F |C, p(x,,p)|=2"F and so the Taylor series does not
converge uniformly on N. Hence, z is a point of non-uniform convergence
of the Taylor series.

On the other hand, suppose that z is any point of G. Let

A4(z,0-Q) = 36,

where A(z,F) denotes the angular distance between the point z and the
set F. Let ‘ ‘
N = {e: A(2,€®) < 6}.

Let ¢ be any point of N and let Sk (z) denote the remainder of the Taylor
series after the K-th power of z. For each K there exist integers s and M
such that

M-1
(z) = 27¢ CM—a 8 z)+ z 2-k OM—k k(z)+ 2 2 2-» Oq p(z)
k=8+1 m=M+1 pi+qg=m

Since the series of polynomials (3) converges absolutely,

M1 o
ISk(O)] S 278 O, o)+ 2 27 (O ilO)I+ 3 3 277[C, ,(0)]
k=s+1 m=M+1 pt+q=m
<2 IC}I'(I—a,c(C)|+ S 2 2700
m=M ptg=m
P 00 Lol
S 278 ICXI—a,a(C)I'{' 227 3 0,0+ 2 2P z 1Ca, (@)l -
p=1 g=M-p p=P+1  g=1

Let ¢> 0 and let P be chosen large enough so that 2-F(T'+ 1) < 4e. Then
there exists @ such that A(«, ,,N)>0 when ¢>@ and p< P. Since

§1|Cq,p((;)] =T+1, g: 2‘”% 1Cpn@ = 27P(T+1) < }e.
q-

p=P+1 g=1
Since
|C;p(C)| < n/(étq) =< 2“1(7t/6)

when ¢>@ and p< P,
20 |Chyy o(0)] < 270 27M45 (nf8) = 2-M(n[8)  if s<P.
Also, |0g ,(¢)| =1, so that

2= Oy sll) S 20 < 2P < e if s>P.
Math. Scand. 10 — 9
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In either case, if M is chosen sufficiently large,

27 |Chr,o(0)] < He.
Moreover, if M>P+Q,

S 3 (0,0 s 32 z 2-2(/3)
p=1 g=M-p p-l g=M

= 3 2 (mj8) = 2MA () P,
p=1
since in each case ¢> @ and p < P. Again if M is chosen sufficiently large,

-]

P
227 3 10,0l < %e.

p=1  g=M-p
Hence |Sx({)| <& when K is sufficiently large and the Taylor series
converges uniformly on N. Hence 2 is a point of local uniform conver-
gence. Therefore @ is the set of local uniform convergence of the Taylor
series.

If @ is taken to be empty, then every point of C is a point of non-
uniform convergence, and one has the following corollary.

CorOLLARY. There exists a function f(z) whose Taylor series converges
everywhere on C, but not uniformly on any arc of C.

The function f(z) in the above corollary is not necessarily continuous
in |z| £1, but is radially continuous on every radius of |z| <1.

Corollaries similar to those given in [3] follow by replacing the Fejér
polynomials @, ,(2) in [3] by the geometric polynomials C, ,(z) defined
in (2).

CoroLLARY. The characteristic property of the set of non-uniform con-
vergence of a Taylor series that converges everywhere on C is that the set is
closed.
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