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ON THE DIRECTIONS OF '
ALMOST PERIODICITY OF ENTIRE FUNCTIONS

PER ASISOFF

The purpose of this note is to prove two theorems concerning entire
functions almost periodic in several directions. The theorems state,
roughly speaking, that there cannot exist too many such directions.
The existence of entire functions almost periodic in several directions is
proved in the paper by H. Tornehave [4].

Let f(z) be an entire function and let S denote the set of numbers ¢
in the interval 0 <@ <, for which f(z) is almost periodic in every strip
— oo <a<Re(ze-*?) <b < oco. With these notations we have the following
theorems:

THEOREM 1. If the entire function f(z) is mot a constant, the comple-
mentary set of S with respect to the interval 0 < ¢ <n i3 everywhere dense.

THEOREM 2. If the entire function f(2) is of finite order and not a con-
stant, the set S 18 finite.

Let &« and B be real numbers satisfying 0 <f—oa <2n. Let P denote
the point set
fe=ret? |r20,a<p<p}.

With these notations we have the following theorem:

THEOREM 3. Let f(2) be analytic in a domain contatning P. Let f(2) be
bounded in P and let for some y in the interval x<y<p the function
S (r)=f(re®?) be the restriction to the half line r=0 of an almost periodic
SJunction g(r), —co<r<oco. Then f(2) ts a constant.

We shall first prove that the theorems 1 and 2 follow from theorem 3.
Afterwards, we shall prove theorem 3.

THEOREM 3 IMPLIES THEOREM 1. If theorem 1 is not true, we can
choose «, and B, such that 0<pg,—«, <2z, and such that for every ¢
satisfying oy S@<p, the function f (r)=f(re’?) is almost periodic and,
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hence, bounded for — oo <r<oco. From a classical theorem of W. F. Os-
good [3] applied to the family of functions f (r) for r20, &, <@ =8, it
follows that there exist numbers «,, f, satisfying o, = x, <f,<8; such
that the family i8 uniformly bounded for «y <@ =<f,. Then theorem 3
implies that f(z) is a constant in contradiction to the assumptions in
theorem 1.

THEOREM 3 IMPLIES THEOREM 2, If theorem 2 is not true, we can for
every 6>0 choose real numbers «, 8, y such that a<y<f, f—x<§,
and such that each of the functions f(re’*), f(re®), f(re®) is almost peri-
odic. If f(z) is not a constant, theorem 3 implies that f(z) is not bounded
for r20, x <@ <p. According to Phragmén-Lindel5f’s theorem the order
of f(z) is then at least =(f—«)~!. Since f—« can be chosen arbitrarily
small, this contradicts the assumption that the order of f(z) is finite.

Proor or THEOREM 3. We may assume that y=0, —in<ax<0 and
0<pB<}n. We introduce the Laplace transforms

Fs) = f f(rei®) e=#re’® dreie
0

for =0, «, B. Since f(z) is bounded in P, these Laplace transforms are
analytic when Re(se??)>0. The almost periodic function g(r) has a
Fourier series
(1) gir) ~ 3 ae™”, 4,=0,

n=1
where

T'—>o0

T
1 .
a, = lim 7 f g(r) e ™" dr .
0

By means of a theorem of abelian type [2, p. 193], we conclude that
(s—14,)Fy(s) - a, for s=o+il, and ¢ — 0 through positive values.
Hence ¢4, is a singular point for Fy(s) if a,+0. (As a matter of fact
the closure of the set {i4, | @, +0} is the set of singular points for F(s)
on the imaginary axis, see [1]).

Let » denote the boundary of the triangle

{z]| 0=Argz<p, 0=Rez=T}

orientated in the positive direction. From Cauchy’s theorem it follows
that

J.f(z) e #dz =0.
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If s is a positive number, the integral along the vertical side tends to 0
when 7' — oo since f{(z) is bounded. Hence we have Fy(s)=F(s) for posi-
tive values of s. According to the theorem on uniqueness of analytic
continuation this implies that the functions Fy(s) and F(s) are identical.
Similarly, we prove that F (s) and Fy(s) are identical. However, F (s)
is analytic for Re(se®*) > 0 and F(s) is analytic for Re(se?’) > 0. We have
thus proved that no points of the imaginary axis except 0 are singular
points for Fy(s). According to the preceding remark this implies that
the Fourier series (1) consists only of the constant term. Hence, g(r) is
constant, and this implies that f(z) is constant. This completes the proof
of theorem 3.
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