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A QUASI-SPECTRAL OPERATOR

E. R. DEAL

In [1] we defined a quasi-spectral operator and stated sufficient con-
ditions to insure that an operator be quasi-spectral. The operator 7'f (x) =
zf(z) on C[0,1] was used as a guiding example, but it is clear that for any
continuous monotone function g on [0,1], such that g(0)=0, g(1)=1,
Tf(x)=g(x)f(x) satisfies the sufficient conditions of [1] if we pick
{f,D(A))=Ff(g~%(A)). This choice is necessary in order to make (AI —T)X
the nullspace of @(4). Therefore T'f(x)=g(x)f(x) on C[0,1] is a quasi-
spectral operator.

The restrictions of monotonicity and that ¢(0)=0, g(1)=1 seem to be
rather strong, so it is natural to attempt to remove them. The restric-
tion that g(0)=0, g(1)=1 can easily be removed by a change of scale.
To study monotonicity, let us consider an example. Let g(z) be a con-
tinuous function on [0,1] with a single relative maximum. In order to
fix our ideas, let us say that for some 2z, 0 <z <1, g(z) =1, g(0)=0, g(1)=0,
g is monotone increasing from 0 to z, and monotone decreasing from z
to 1. We now define projections E(a,b) for intervals (a,b) or (a,b] or
[a,b) or [a,b] on the range of g, which is the spectrum of 7'. As before,
we use E(0,b) whether 0 is in the spectrum of 7' or not. Let

d(a,b) = g~Ya,b) = {xr |a<g(x)<b}.

Then 8(a,b) = (a’,b) U (a”,b"") .

Define, for a 40

E(a’b)f(x) =0 zZa
= f(@)—f(a') a'sx2b
= f(b")—f(a") b'<x<a”

=f@)—f@")+f(®')-f(a') a"s2=b”
= fO")=f@")+f¥')-f(a’) b"=z=.

S}

For a=0,
E(0,b)f(x) = f() zZb
= f(b) b'zzx=za"”
= f(x)—f(a")+f(") a’'<z.
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Since g is monotone on the intervals [0,2] and [z,1], it determines two
invertable functions ¢,(x) on [0,2z] and g,(x) on [2,1]. Given an x in the
range of g, let ' =g,71(z) and '’ =g, (x).

THEOREM 1. Let O0=xy<x,<...<z,=1 be a partition of [0,1]. Let
0;=(%;_1,%;). Then 3} E(;)=1.

Proor. Let f and x be arbitrary, and pick k so that x;_; <g(x) <.
Suppose first that x <z. Then

1

n k-1
=1E(6i)f (@) = f(=,) +.=22 [f (@) =f(@i)] + f(x) — f(2}_y) + O
= f(@).

Next suppose z>2z. Then

n k—1
3 B@)f(@) = fley) + 3 1) = @] +f@) = fla)+

=1
n

+f (=) —f(x;c-—-l) + < l[f(xii-l) —f (@) +f (%) ——f(x;_l)]

= f(x) +f(xn,) '-f(wn”)
= f(@)+f(2)—f(2)
= f(@).

Since 37_,E(5;)f(x)=f(x) for all x in [0,1] and for all f in C[0,1],
2 E()=1.

THEOREM 2. Let §; be as in Theorem 1. Then
i=1

where A, € 6;, and where

x

Nf@) = [ £(t) dg(t zs7,

0

= [1aydg0) - [1 dgt) 252
0 z

Proor. Let f and x be arbitrary, and pick k so that z,_, <g(x) <z
Suppose first that £ <z. Then
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il A J(3)f (z)
- 1
= hf(e) + 3 A=) + B~ @]

%

k-1
= g )f () + =22 9 () —f @)l + 94 )L (@) = f ()] -

Rearrangement of this sum by partial summation gives

k-1
glf @ )gA) —g(Ain)] + 92 ) f () -

Passage to the limit gives

[ 18R f@) = tim 32,8691 @)
o) ll4l—0 ¢=1

= = [1© dg®) + g(@)f (@) = Tf @)~ Nf @) .
0
Next suppose x>2z. Then

n k-1
gl ME0)f(x) = A f(zy) + gzli[f (') —f(2;_y)]+
PR @) ~f @) +f @) ~f G+
+ 3 MG e+ ~F )

Rearrangement of this sum by partial summation gives

n—1

n—1
§1f @ NA— Apa]+ A f () + ;kf @ N1 =24 = A f(@,"") + Apf ()

n—1 n—1

= 2S@IM) —gHi)] + 3@ gn) =g )] + 9N @)
Passage to the limit gives

[ 186D f@) = tim 3 28601 (@)
ol l4]—>0 =1

= g(@)f(e) — [ £(0) dg(t) + [ £(t) dgtt
0 z

Thus in either case
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[1B@N f@) = TH@) -Nf @),
o(T)

and since f and « are arbitrary,

fw(dz) —T-N.
o(T)

Thus 7' is a quasi-spectral operator, where 7'f(z)=g(x)f(x) for
g € C[0,1] such that g(0)=0, g(1) =0, and such that g has a single relative
maximum at 2, g(z)=1. Again by a change of scale we can remove the
restriction on the values of ¢(0), g(z), and g(1). Also, it is clear that only
notational difficulties would be introduced by allowing g to have a finite
number of extreme points. Thus we have the following theorem.

THEOREM 3. Let Tf(x)=g(x)f(x) where g is continuous and has a finite
number of extreme points. Then T is a quasi-spectral operator on C[0,1].

BIBLIOGRAPHY
1. E. R. DEAL, Quasi-spectral theory, Math. Scand. 13 (1963), 188-198.

COLORADO STATE UNIVERSITY, FORT COLLINS, COLORADO, U.8. A.



