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LINEAR INEQUALITIES AND POSITIVE EXTENSION
OF LINEAR FUNCTIONALS

OTTE HUSTAD

In [4, p. 124] K. Fan has proved a consistency condition for a system
of linear inequalities in a normed space. In [5, Proposition 6] we have
extended his result to a locally convex Hausdorff space. Later on we
have found that both these results in the main are contained in the
paper [6] of S. Mazur and W. Orlicz. These authors use linear inequal-
ities to handle the problem of positive extension of linear functionals.
In the present paper we have adopted this point of view. To be more
specific, our results are as follows. Theorem 1 gives in terms of neigh-
bourhoods a consistency condition for a system of linear inequalities in
a locally convex space. In Theorem 2 we give a necessary and sufficient
condition that a linear functional admits a positive and continuous ex-
tension. This condition stresses the properties of the nullspace of the
functional, whereas an earlier known extension condition ([6, 2.72.], [2,
Théoréme 2], [8, Theorem 4.4]) emphasizes the properties of a neighbour-
hood of the positive cone. In Proposition 1 we characterize those sub-
spaces F' which have the property that every positive (and continuous)
linear functional defined on F, admits a positive and continuous exten-
sion. If we choose in Proposition 2 the finest locally convex topology,
we obtain a characterization of “pyramide stricte’ in the terminology
of A.Bastiani [1, p. 282]. In the finite dimensional case this proposition,
in a slightly different form, has been proved by H. Mirkil [7, p. 3]. The
last three propositions are connected with the subject matter in [5],
and make use of some results in this paper.

Notation. E shall always denote a real locally convex topological
vector space, and P a convex cone in E with vertex 0. Hyperplanes
shall always contain 0. Otherwise we use the same notation as in [5].

THEOREM 1. Let the two families {x,},<E and {x}r<R be given.
Then the linear inequality system

(4) f@)z >, yel,
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is consistent (i.e. there exists an fe E' which satisfies (A)), if and only
if there exists a V € ¥(0) such that

p=

n
zll'; (xy‘. <1

whenever n
2, eV,
i=1

where 4,20 and y, € I

Proor. If f e B’ satisfies (A), it suffices to choose V € #4(0) such that
|f(x)| <1 whenever € V. Conversely, suppose that V € ¥4(0) satisfies
the condition of the theorem. We may assume without loss of generality
that V is closed, convex and symmetric. Let p be the Minkowski func-
tional of V. Thus V = {o: p@)<1}.

Hence if ”
P ( z lixyi) é 1
i=1
with 4,20 and y, e I", then
Ai“%i < 1 .
i=1

Since p is a seminorm, it follows that

P ( Z li‘”w) 2 Z )'i(x}’i
i=1 i=1
whenever 1,20 and y,€ . Using the theorem of Mazur and Orlicz
[6, 2.41] the conclusion follows.

THEOREM 2. Let F be a subspace of E and let f be a linear functional
defined on F. Then f admits a positive and continuous extension defined

on E if and only if HFHO)+P)nF) z 0.

Proor. The case f=0 being trivial we can choose xz, € F' such that
f(zo)>0. Then f admits a positive and continuous extension defined on
E if and only if the system

glx) =20, =xefY0)
g(—=x) 20, zef0)
gp) =0, peP
glzy) 21

is consistent. By Theorem 1, this means that there exists a ¥V e ¥4(0)
such that if
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x+p+ixy, € V, zef-40), peP, 120,
then A< 1. It is not hard to verify that this means that
-y ¢ P+f-Y(0).
Hence we have proved that f admits a positive and continuous extension
if and only if —_
{xeF: f(x)<0}nP+f-10) = O .

Since this condition is equivalent to the condition of the theorem, the
proof is finished.

CoroLLARY 1. If f is a posttive linear functional defined on F and
(fHO)+P)nF = (fH0O)+P)n F,
then f admits a positive and continuous extension defined on K.
Proor. Let
ye(f~HO)+P)nF = (f10)+P)nF.
Thus we have y=x+ p, where z € f~1(0) and p € P. Hence p=y—xz € F,
and therelore  ry) = f@) +10) = f@) 2 0.

ProrosiTioN 1. Let F be a subspace of E. Then the following statements
are equivalent:

(i) Every positive (and continuous) linear functional defined on F ad-
mits a positive and continuous extension defined on K.

(il) If H<F is a (closed) hyperplane relative to F, then

(H+P)nF = (H+P)nF.

Proor. That (ii) implies (i) follows readily from Theorem 2, Corollary
1. To prove the converse, suppose that H is a (closed) hyperplane in F,

such that —_
(H+P)nF + (H+P)nF.

Choose —_—
z e (H+P)nF ~ (H+P)nF

(~ denotes set-theoretic difference). Since z ¢ H, every y € F' can be
uniquely written y = ht iz

where h € H. Define f on F by
f@) =flh+ix) = 4.
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Then f-1(0)=H, and hence f is a (continuous) linear functional on F.

Suppose that
Yy=h+ix € PnF.

Since 4> 0 implies that
z=Aly—2h € (P+H)nF,

we conclude that f(y)=—A20. Thus f is a positive (and continuous)
linear functional on F. On the other hand, since f(x)= —1 and

z e (f0)+P)nF,

it follows from Theorem 2 that f does not admit a positive and continuous
extension defined on E.

ProrosITioN 2. The following two statements are equivalent:

(i) Every positive and continuous linear functional defined on some
closed subspace of E admits a positive and continuous extension defined on E.

(ii) If M is a closed subspace of E, then M + P is closed.

Proor. That (ii) implies (i) follows readily from Theorem 2, Corollary 1.
To prove the converse, suppose that M is a closed subspace of £ and that

re M+P ~ M+P.

Let F be the subspace generated by M and x. Then F is closed [3, p. 28].

Define f on F by Fim12) 1
m+ir) = —4.

The rest of the argument is similar to that in the proof of Proposition 1
and is omitted.

ProposITION 3. Every positive and continudus linear functional defined
on some subspace of E admits a positive and continuous extension defined
on E if and only if the following two conditions hold:

(i) PnF<PnF, whenever F is a subspace of E;
(ii) M + P is closed whenever M is a closed subspace of E.

Proor. In [5, Proposition 8] we have proved that if G is a dense sub-
space of E, then every positive and continuous linear functional defined
on @ admits a positive and continuous extension defined on £ if and

only if ———
PcPn@.

Since any subspace F of E is dense in F, we can apply this result to the
cone PnF. Thus every positive and continuous linear functional defined
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on F admits a positive and continuous extension defined on ¥ if and

only if — m———

PnF<cPnFnFnF =PnFnk,

or equivalently o
Pn¥#F cPnpF.

The rest of the argument follows from Proposition 2.

ProrosiTION 4. The following statements are equivalent:
(i) Every positive linear functional defined on E is continuous;

(ii) H+ P is closed whenever H is a hyperplane in E;

(iii) H+ P=E whenever H is a dense hyperplane in I,

(iv) P& H and (p+P)nH+0 whenever H is a dense hyperplane in E
and p € P;

(v) f(P)=R (=the set of all real numbers) whenever f is a discontinu-
ous linear functional on E.

Proor. By Proposition 1 with F'=E, (i) implies (ii). Since
H+P>o H,
it is clear that (ii) implies (iii). Assume H +P=E. Then P+ H. Fur-
ther, if p € P, there exists a he H and a g € P such that —p=~h+gq.
Hence —h =p+q e (p+P)nH.
This shows that (iii) implies (iv). If f is discontinuous then f-1(0) is a
dense hyperplane. Assuming (iv) we can therefore find a p e P such

that f(p)=+0, and a q € P such that f(p+q)=f(p)+f(¢)=0. Thus (iv)
implies (v). That (v) implies (i) is evident.

ProrosiTION 5. If E=P—P, then (E, P) is an extension couple if and
only if P is rich.

Proor. According to [5, Proposition 7] we have only to prove that if
E=P—P and P is rich, then every positive linear functional on E is
continuous. Thus, by the equivalence of (i) and (iv) in Proposition 4,
it will suffice to prove that if f is a linear functional on E such that
P cf-1(0), then f is continuous. Having E = P — P, the relation P <f-1(0)
implies in fact f=0.
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