MATH. SCAND. 8 (1960), 39—42

SOME REMARKS ON AN ALGEBRAIC IDENTITY

HARALD BERGSTROM

There is a well-known connection between the convergence of an
infinite product IT e, and the corresponding series 3 (a; —1). One usually
establishes this connection using the exponential function. When dealing
with products of abstract elements we do not always have an exponential
function in the algebraic systems which we may consider. For such
cases I have given an identity, which can be used to find relations of the
mentioned form. In its first presentation [2] (it was used but not
explicitly given in [1]) it probably seemed more complicated than it
really is and the proof was also rather difficult since it reflected the
way in which I had found the result. In the present paper I will present
a deduction which makes full use of the symmetry properties of the

identity.
Consider polynomials of a special form in variables x;, z,, ..., z,,
Y1s Yas « - -, Yy, in & ring with a unit element, which we denote by 1. We

use the notation
Z! YiYa -« - YuZg+1 + - - Tp

for the sum of all monomials

YiY2 ++ Y41 - - - X

corresponding to the different permutations of the numbers 1, 2, ..., n,
the first k factors being always y’s, the other factors 2’s. The number of
such monomials is obviously z!. Now we define the polynomial

1

(n+1)'{z! ZyTy oo Ty + I Y1 Xy oL Tyt

+3 Yty o Tt 2 Y1 Y - yn}

and the polynomials f{, %, 7; and

(1) fo=

_ 1.7
(2) f®==3,
=1
where f{" is obtained from f® when z; and y, are specialized to 1, }af
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is obtained from fSc”) when j is specialized to 1 and y; to 0, and 4% is
obtained from f{” when z; is specialized to 0 and y; to 0, that is

fgcn) = (f(n)):ck=yk=1 s
(3) w,:" = ()1, gm0
n) = (f n)):c’__o, y,..

The identity to be proved then has the following form:

=f® Z (% — 3/k)+—‘ 2 Z (@3 (@, — ya) (@ — 21) + 50 (% — Y)W~ )} -
k=1 j=1

It may be observed that f™, u and 77 are arithmetic means of mono-
mials in the variables. This is of importance for the applications. If for
instance all z;, and y, belong to a convex commutative semi-group, then
J®, w? and % belong to the same semi-group. (Concerning such applica-
tions, see [1].)

When we specialize all z;, to x and all y,, to y, the identity (4) reduces to

) ah—yn = @—y) @ty + ... YY),

of which (4) is a generalization.

Before proving the identity we observe that f™ is symmetrical in the
variables x;, z,, ..., 2, as well as in the variables y,,y,, ..., ¥y, and
invariant under the transformation =z, —y,, ¥, >, k=1,2,...,n.
Moreover f™ is linear in each variable and every monomial contains
either y, or x;, as a factor, but never both of them.

Since f™ doesn’t change if j changes into k and k into j we obviously
have
(6) ,,7,5:;) = —(n) Q—,g;) _ "_’ﬁ) .

We are now going to prove the identity (4). For this purpose we use
the following notations:

for Az u,
ka={ £ 1
L Zppy -+ T, or u > 4,
0 for Az pu,

pIEN ={
i T+ %0 ... +x, for p > 1.

Writing
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Ma-Tw=aTls - nIls + (TTs)oTs -
0,n 0,n 1,n 1,n 0,1 2,n
—(H%)yzy% + .0+ < I-va) Ty — ( ].—.[yv)yn’
y 7

0,n—1 0,n—1

we get the identity (still holding true when the letters denote elements
in a non-commutative ring)

(7) I'I%-Hyk—):(ﬂ.%)(wk yk)(H%)-

0,n o,n k=1 \0, k-1 k,n
Since x, ..., %, Yy, - .., Y, are arbitrary, (7) still holds if we permute
x, ..., %, and correspondingly v, ..., ¥, in all possible ways; the per-

mutation, of course, leaves the left hand side unaltered. Adding the
identities (n! in number) which correspond to the different permutations,
and dividing the obtained equality by n!, we get an identity of the form

(8) Tz— Ty = 25—
0,n 0,n 0,n

where obviously the coefficients f{? are the polynomials defined above.
In fact, the coefficient of x, —y,, is

1
= Slamy oo @y + 2% o Tyt A 2 Y1 Ye - Ynea)

and the coefficient of x;—y, is obtained from the last polynomial by
interchanging &k and ». Introducing the mean value (2), we may write

©) 1P = Forip-Fo,
where

_ |
10) fP~I = SUP-15Y-

Now we observe that -

where 4 and B are polynomials independent of x; and y,, Hence we
recognize 4 and B as the polynomials §u{ and 477, respectively, and get

19 = ¥ + Wy
According to (6) we may also write

P = HaPe, + 50} -
Thus we obtain
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(11) - = Ha? (v —x) + P (y;~ve)} -
Combining (8), (9), (10) and (11) we end up with the identity (4).
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