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A CONDITION FOR C-SUMMABILITY
OF NEGATIVE ORDER

A. F. ANDERSEN

1. The purpose of this note is to show that the general criterion for
convergence of series, stated by Cauchy [6, p. 125], can be extended to
a criterion for summability (C, —4J), where 0<d < 1.

We use the notations

3 q+“ -2
Aq=< : ) and S5 u)—ZuA,H,

The Cesaro means of the order —¢ belonging to the series 2'u, may then
be denoted by S;°(u,)/4;° or simply by 8;°/4;%, n=0,1,2, ....
2. The result of the investigation is stated in the following

THEOREM 1. A necessary and sufficient condition that the series Xu,
should be summable (C, —8), 0=d<1, is that

n
(1) 2w, A2, = o(1)n”
u=v
The meaning of this condition is that, corresponding to a given number
&> 0, there exists a number N =N(e) such that the inequality

Z’uA"

(1*) < en®

is satisfied whenever » > N and n >».

As in formula (1), the variable to which the symbol o refers will be
indicated by a subscript whenever any doubt may arise.

For 4 =0 Theorem 1 coincides with the convergence criterion of Cau-
chy. Thus, in the proof of the theorem we may assume 0<d < 1.

Necessity. The substance of this part of the theorem is included in the
following
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Lemma 1. If 0<d<1 and
(2) 870(w,) = o(n™),

then corresponding to a given number € > 0 there exists a number M = M(¢)
such that the inequality

< 3e4;°

-
(2 Aw—u

18 satisfied whenever v> M and n=v».

To prove this lemma we apply an Abel transformation (cf. [5, (17)
p- 7]) and obtain
Du, 4l = Y’ 82%(uy) 2 A4
=0 -

n—p—p *
= p=0

Since A"p‘2<0 for px1, A‘ > 0 for all values of ¢, we have for n2>»

Z‘A"‘ZAn_ﬂ_p > Z‘AHA*" S

n—p—p n—u =

and consequently

(3)

2 w A, | 2 15,1 ZAHA,H..,,

‘Let a number ¢>0 be given. According to the assumption (2) there
exists a number P such that

I87% < 3ed;® for u > P.
» u

Restricting » to values greater than P, we can divide the sum occurring
on the right side of (3) into two sums,

P v
2> and .
p=0 u=P+1

For all values of n and » under consideration, i.e. for n=v> P, we
find for the second sum

(4) > 1827 ZA"*ZAn-,‘-p

p=P+1

IIA

te ZA“" ZAHA,,_,,_,,

I

}aZA‘lA;i# 1 4;?

where the evaluation of the repeated sum may be verified by the Abel
transformation used above.

In order to estimate the sum X’ | we first notice that the binomial



A CONDITION FOR C-SUMMABILITY OF NEGATIVE ORDER 339

coefficients A;", g=0,1,2, ..., are decreasing, and that the coefficients
AJ? are negative for p>0. Thus for 0<p<v—pu it holds that

AL > A,
. A"_zA;fu_p < A"‘zA;f,‘
so that
SApAD, s AR, - A4S, 5 ATLAY,
p= p=0

Assuming again that n>»> P, we have

47 (n=8)(n—1-9) ... (n—=P+1-0)

P
[ 1-6)F
4% p nn—1)... (n—P+1) >< n—P+1) > (1=0)%,
A7, < (1-6yF 47

and hence —
D ATRAY, < (1-6yPATEAY .
=0

n—u—p

Thus, if & denotes a constant such that |S;°| <k for 0 < u < P, it holds that

]S“’ A""ZA S, < (P+1)k(1-8)TA%L47°
n—p—p

p=0

and, since for a fixed value of P
AXL -0 for v > oo,

it follows that there exists a number M = M(e) > P such that

(5) 2 1839| ZAHA,,_” L, < ded7?

whenever n>v > M .

The results (4) and (5), combined with (3) holding for n=v, prove
Lemma 1.

If 2% ou, is summable (C, —6) to the sum U, then the series 2 oW
where uy=u,— U and u, =u, for u 2 1, is summable (C, — é) to the sum 0.
Since for »=>1

»—1

(R

2w, A2, = 2 u”A"’ =
U=y
we obtain, by application of Lemma 1, that
2w, A2,
u=v

whenever n=»> M + 1, and this result is equivalent to (1*).

3
n=0

Il
=]

I

< jed;’+1ed;? = e 4;?

22%
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This completes the proof of the necessity part of Theorem 1, stating
that the condition (1) is fulfilled if the series 2w, is summable (C, —9).
If we take n=v, the condition (1) reduces to the well-known condition
for summability (C, —6)

(6) u, = o(v™),
corresponding to the condition u,=o0(1) for convergence of 'u,.

Sufficiency. We begin by proving that the condition (1) implies the
convergence of the series X'u,.
Writing )
u, =3 (0,470~
1%: - " A 0

n—p
we find, for every value of n greater than v, by partial summation
n n—1 1 1
M XYuw =2 (2“ 42 ><*:T— = )+2“ 47,
n=v n=v An—u An——y—l

Since the sums occurring in the main term of the transformation may be
written
n n
2 U An—-p 2 - 2 ’
p=v  p=p+l
they can be estimated by application of the assumption (1), whereby
we get

ZupA;‘;p = o(1)n™® + 0,(1)n™? = o,(1)n™°

The differences in the main term are all positive since 4;°, ;> 4;°? .
We therefore obtain from (7)

U 1 1
d'u, = o,(l)n"’( - ) + o,(1)n~?
— " A7, 47°

_ [4
oo () + o
= 0,(1)0(1) + o,(1) = o1,

v being less than n. For n=» this result is trivially true (cf. (6)).
In proving that the condition (1) further implies the summability
(C, —9) of Xu,, we suppose, as we may, that the sum 2'u, is zero. For

8, = Ug+u +...+u,
we then have
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ls,| < k for all values of u,

where k is a suitable constant, and to a given ¢> 0 there corresponds a
number ¢ = @)(e) such that

s, < & for u>4@Q.
We put

n n

S;a(uu) =27 uﬂA;ill 22; + 2 = O‘n""ﬁn ’
s

p=0 p=m+1
where m = [$n], and estimate each of the two sums separately.
For «, we find, by partial summation,
m m—1
o =2 u, A0, = 3 s, AT + s, A7,
pu=0 pn=0
and hence

@Q+1)k|4%G| + e(m—@) 4,50, + 0,(1)n™
0,(D)n? + eKn™? + o,(1)n7%,

IA

locyl

IIA

where K is a suitable constant (depending only on §). This shows that
there exists a number N such that

l,| < e(K+2)n?® for n>N.
For g, we find, by applying the assumption (1),
B = éf' uw, 472, = 0,(1)n? = o(n™%).
p=m+1
From these results it appears that
8.%(w,) = o(n™)

and this completes the proof of Theorem 1.

3. With Theorem 1 at our disposal the following well-known theorem
[1, p. 31] can be proved for 0<d<1 in the same simple manner as for
d=0 (the case of convergence).

THEOREM 2. The series Xu, is summable (C, —8), 0=d<1, if Xu,| is
summable (C, —06).

To give an application of Theorem 1 leading to new results, we shall
prove a theorem concerning the order of magnitude of the differences
A47"a,, where r< 1.

These differences are defined by
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o0
(8) A77a, =2;A;_1aﬂ+”, »=20,1,2, ...,
fram
whenever the series on the right converge. If one of these series,
o 1
9 2 A,
u=0

for instance, is convergent, then all of the series are convergent. Thus,
all of the differences (8) exist if but one of them exists.
It has been proved [4, p. 34] that the convergence of the series (9)

implies that A"a, = o(l), if r>=1,

and A-Ta, =o0(7), if O<r<l.

Recently, Kuttner [7] has shown that the latter result remains true for
all negative non-integral values of r and that, in these cases, no better
result concerning the order of magnitude can be inferred from the mere
existence of the differences.

It now turns out that for <1 the order of magnitude will be lowered
if we change the requirement to the series (9) from convergence to
summability of a negative order greater than —1. If >0, we obtain
the same result as for r= 1 if we require that (9) should be summable of
an order less thanr — 1. We confine ourselves to stating and proving the
results for 0<r<1. For r<0 no new significant feature does emerge.

THEOREM 3. If 0<r<1 and the series (9) is summable (C, —0), where

0 1
<d<1, then o(»-7%) for 0<d<1l-r,

A-"a, = { o(logy) for d=1-r,
o(1) for 1—-r<d<1.

To prove this theorem we use the following lemma, proved elsewhere
([3, Theorem Ib, p. 332-34]).

Lemma 2. If 0<d<1 and if

1) 2% 4w, is summable (C, —0) to the sum U,

2) ¢, is bounded below,

3) X 0 A2 47% %, is absolutely convergent to the sum e,

then the series X'u e, is convergent and the sum is determined by the formula

(10) 2 ue, =2 S;"(up)zl"‘”le” + (go—e)U .
pn=0 p=0

The series o
- — r~1
A"a, = 20 A,
P
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may be obtained by multiplying the series

#‘:;(: u 2 AH—/: v+u
term by term by the factors
(11) = At A5

v+u *

For every fixed value of » the series X,_ju, is summable (C, —9) to a
sum which may be denoted by U,, and the factors ¢, are positive for all
values of 4. For »=1 these factors are even decreasing to the limit 1.
Obviously, we only need to consider large values of ».

Since ¢, -~ 1, we have £,=0(1), and this implies that the difference
transformation

A, = A A%,) = 3T AT A%,

A=0

is valid for all values of u (see for instance [2, p. 20-21]), and hence that
(12) DA, = 3T A0 S AT A,
#=0 4=0 =0

The differences 4'¢, being positive for all values of u, we realize that the
terms of the series (12), in both of its forms, are positive. By rearrange-
ment of the terms of the repeated series we obtain
(o] o0 oo

D A0 YA A e, = D) A,

u=0 A=0 u=0
and, since the resulting series is convergent, it follows that the series (12)
is absolutely convergent to the sum

e, =2 Ae, = gg—1 =

P 0 = qr—
u=0 Av

-1 = 00('").

On account of these results we can determine the value of 4-"a, by
the sum-formula (10) of Lemma 2. We obtain

8

(13) A7a, = 3 8 (u,) 47 e, + 1.U,.

m

Il
o

Because of the convergence of the series (9) we have

»—1

(14) ZA:;; " %‘A;‘la,‘ - %A;“au =o,1).
n= p=

To estimate the sum
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§ g0
= - —5+1
V,=23'8; (up) 47 e,
#=0
we first consider the Cesaro sums occurring in the series. We find

Syo(u,) = Zu 4 2"' (Arla,, ) A2
p= =0

u—p *+p 1'+1D

=£ (Ar—-l p)Avﬂz—p

and, using now that the series X'47a
by application of Theorem 1, that

82up) = 0,(1) (v +p)°

p 18 summable (C, —4), we obtain,

and this result gives

o0

(15) IV,] £ 0,1) 3 (v+p)A47%,,

n=0

the differences being positive for all values of u.
Then, having only to estimate the sum of the series occurring in (15),
we write

(16) Z(Hu)“’ﬁ“’“e —2 + 2 =y,+9,

u=0  p=v+l

and consider each part of the sum separately.
Beginning with ¢,, we find

x (o 0]
b, =2 w+pu)?a e, = 3 (Ltwp ) Out A7,
pe=rtl p=v+1
and, observing that, for all values of x>,
P (4w P <1,

we get .
0 <48, <K A4,

p=r+1

where K is a suitable constant (depending only on §). By an evaluation
similar to that of the series (12) we obtain

-8 4—3+1 -8 A—0+1 —
2, 4747 e, < 2 A7 A ey, = 2 at & t1tu
p=r+l p=
Ar—- Ar—l
r+1 -1 < v+1

r—1 r—1
% 2r+1 A2v+1

.

= ‘E‘v+1_1 =
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The sequence AJ;1/A% 1, being decreasing for »=1, we further find for
all values of »>1

Al 47 s
AL S AT e
and it follows that

3K
(17) 0<d, <—.

To estimate the term y, we first notice that the partial sums belonging

to the series .

2> Az_z Eutq

q=0
are positive, whatever the value of y may be. This appears from the
facts that the partial sums are decreasing, because ¢,> 0 for all values
of A and AZ‘2<O for ¢=1, and that the series, which represents the
difference A~%*'¢,, has a positive sum.

We then put
(18) Yo = VotV
where ) —
=2 (v+w?Y Ag’zmq
p=0 q=0
and ) -
v =2 v+ 3 A%, .
u=0 g=v—p+1

Since for 0 u<»
‘u 2——6 é (1_!_”1}—1)—6 § 1

and, accordingly,

4 = v (1 +pr 7 <970,
we obtain N
0<y <X Sare,,
u=0 ¢g=0
and

v oo

" 8 -2
|7pl é 4 2 2 IAq |8u+q'
pu=0 g=v—u+l
Considering at first y,’, we find

0 oo 0
-2 -2 2
2 I'Aq |8y+q = 2 (—Aq )8/4+q < &4 2 (_Aq )
q=v—p+1 g=v—p+1 gq=v—p+1

- y—pt

-2 -2\ __ -1

= €v+l(_2Aq +2Aq ) = 81'+1Av—14
4=0 ¢=0

and hence 41
(19) | < 0 X AL = v A = 0Q1).
pn=0 2v+1
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Concerning y,, we first notice that

v v—pu v v A"’—l
-2 — d—1 — é-1 u

2 ZAq £u+q _ZAu 6/4 _2 An Ar—l

u=0 g=0 u=0 pn=0 vhu

v

v
< kl,yl—r / Af:lAZ—l < k1k2v1—r (/L-I— 1)r+6——2 ,
u= 0

frm
where k; and k, are constants depending only on r and 8. It follows that

v

v, < kykgvt=r=0 3 (u+1)r+-2,

u=0
and it now appears that
y, = 0O(»-"2)0(1) =0@W-%) for 0<d<l—r,
(20) { v, = O('-m2)O(logy) = O(logv) for 6 =1-r,
y, = O@=-r-3)0(»*+-1) = O(1) for 1-r<d<1.

Considering (13), (15), (16) and (18), Theorem 3 is proved by the results
(14), (17), (19) and (20).

There are reasons for supposing that the result obtained in the limit
case d=1—r, viz. 4-"a,=o(log»), can be improved to the result 4-7a,=o0(1)
holding in the cases 1—r<d< 1. However, in order to obtain this result,
it seems necessary to elaborate a method of proof which utilizes more
effectively the special character of series representing differences.
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