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ON SOME EXTENSIONS OF THEOREMS OF FEJER

FU CHENG HSIANG

1. Let
‘Q=(w7n)’ 'ﬂ=0,1,2,...;0§1’§n,

be a triangular Toeplitz matrix of real or complex numbers, i.e., it
satisfies the following three conditions:

(i) Wy, > 0 as mn—> oo
for every fixed »;
n
(ii) Do, >1  as n-—oo;
r=0
and
n
’
(iif) 2 oyl < M,
v=0

where M is an absolute constant.

Given a sequence (s,) or a series with partial sums s,, we say that the
sequence (s,) or the series with partial sums s, is summable (22) to the
sum s, if "
Y o,s,~+s as n-—>oo.
v=0

2. Suppose that f(x) is a Lebesgue integrable function and periodic
with period 27. Let

f(@) ~ }ay+ 3 (a, cosnz+b, sinnx)

n=1
be its Fourier series, and
(o]
X' n(b, cosnz—a, sinnx) = 3’ B,(x)
n=1

its derived series. Fejér [1] has established the following theorem.

THEOREM A. If f(x) is of bounded variation in (0, 2n), then (B,(x)) is
summable (C, r) to l(zx) ={f(x + 0) —f(x— 0)}/x for every r > 0.
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In this note, we shall extend the above result to a class of triangular
Toeplitz matrices, which contains the (C, r) matrix as a special case.

THEOREM 1. Let (2) be a triangular Toeplitz matriz which satisfies, in
addition, the condition

(iv) 20 M2w,] = o(1)  (n > o),

where

Azwm = Awnv—Awn(Hl)! Awm = Wpy— Wppy) »
If f(x) is of bounded variation in (0, 2x), then (B,(x)) is summable (22) to
the sum l(x).

There exists a large class of triangular Toeplitz matrices satisfying (iv);
e.g., the regular Norlund summability matrix N(p,), with p,<p, ., or
Pp = Pns1 from a certain n=mn, onwards, obviously satisfies (iv). If we
take, for the Cesaro means of order «,

Pp = At = F(n+0‘)/r(n+1)r(o‘) (x > 0),

which is known to be monotone for x >0, then we see that our theorem
contains Fejér’s result as a special case. Moreover, if we take p,=1/(n+1)
for the harmonic means, then it follows from a known result of M. Riesz
[3], that a sequence which is summable by the harmonic means is also
summable (C,r) for every r > 0, but not conversely. Thus the present theorem
is better than Fejér’s.

3. The proof of the theorem is straightforward. If we write

v(t) = flx+t)—flx—1),
then

n kg
=713 w,, wa(t) v sinvt d¢
0

n

n n
(@) 3 o, + 772 3 0, cosst dy. 1)
v=0 v=0 0
=1lz) +o(l) + #! 3 w1,
y=0
by (ii). The function y,(¢) is continuous at ¢t=0 and of bounded varia-

tion in (0, #). Hence, for a given ¢> 0, we can choose a positive number
6 =0(¢) such that
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[dp, ()] < &.

O w3 o

Thus splitting s
Iv = S + S = Ilv+I2v!
0 ¢
we obtain

n
2o,
y=0

o
< 3o, A\l )) < 2t
v= 0

by (iii). On summing 2" ,w,, I, by parts twice, we see that

sm(v+1)t
“nry sin t/2

oo dpa ()

sin((v + 1)¢/2)\

’ :S{gm (W) +iwm}dwx(t)

o sin (v + 1)¢/2) 2 a
= 'Azw"”lg (m/z) ) oD} + Fleon| §Idwz(t)|

vV
<3 sin?(6/2) ;=

Il

lIA

2 |42 w,| + 4Ve

for n=n*(e), where V is the total variation of y,(t) in (0, =), since by (i),
lwpel < € eventually. It follows from (iv) that
anvIQv = 0(1)

v=0

as n — oo. This proves Theorem 1.

We remark that, if we would apply summation by parts only once
in the above proof, then

(iv’) 2 Aoy =o(1) (0~ )

y=0

would give the same conclusion for summability (£2) of the sequence
(By(x)). But, in view of the relation

n n n
2 !Azwnvl = 2(: JAwnv'—Awnwl[ =2 2(: lAwnvI s
y=0 v= y=

(iv) is plainly a weaker condition than (iv’).
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4. The following theorem is also due to Fejér [3].

TrEOREM B. If l(x) exists and is finite at x, then (B,(x)) is summable
(C, r) to l(x) for every r> 1.

This theorem can be extended to Borel’s method of summation. A
sequence (s,), or a series with partial sums s,, is said to be summable
by Borel’s method of summation, or summable (B) to the sum s if

. Ooxil
e zﬁs,—»s as ¥ —> o0,
o v!

y=

We establish

THEOREM 2. If l(z) exists and is finite at x, then (B, (x)) is summable
(B) to l(z).

This theorem can be derived from Theorem B and the following well-
known theorem due to Hardy and Littlewood [2, pp.2-3, especially
Theorem 5], which is stated in the following form:

LEMMA. A sequence (S,), or a series with partial sums s,, for which
8, =0(nk~r-1/2) " cannot be summable (B) unless it i3 summable (C, k+7),
k and r being non-negative integers.

Since f(x) is integrable, B, (x)=o0(n) by Riemann-Lebesgue’s theorem.
Moreover, from Theorem B, (Bn(x)) is summable (C, 2). Thus, by taking
k,r=1 in Hardy-Littlewood’s theorem, we establish Theorem 2.
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