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ON THE EQUIVALENCE OF BOUNDEDNESS FOR
MULTIPLE HARDY-LITTLEWOOD AVERAGES
AND RELATED OPERATORS

DAH-CHIN LUOR*

Abstract

Necessary and sufficient conditions for the weight function u are obtained, which provide the
boundedness for a class of averaging operators from L7 to L; «- These operators include the
multiple Hardy-Littlewood averages and related maximal operators, geometric mean operators,
and geometric maximal operators. We show that, under suitable conditions, the boundedness of
these operators are equivalent. Our theorems extend several one-dimensional results to multi-
dimensional cases and to operators with multiple kernels. We also show that in the case p < ¢,
some one-dimensional results do not carry over to the multi-dimensional cases, and the bounded-
ness of T from L} to L}, holds only if u = 0 almost everywhere.

1. Introduction

The well-known Hardy averages are defined by H; f(x) = (1/x) fox f(@) dt,
where x > 0 and f is a nonnegative measurable function defined on (0, 00).
The operator H; takes the average values of f over the interval (0, x) for each
x > 0, and it can be written in the form H; f(x) = fol f(tx) dt. Weighted
estimates for H; have been investigated by many authors. We refer the reader to
the books [17], [29], and the references given there. In [43], Xiao consider the
boundedness of weighted Hardy-Littlewood averaging operator Hy on spaces
L?(R™) and BMO(R"), where Hy f (x) = fol @) f(tx)dt, x € R", and ¢ is
a nonnegative measurable function defined on (0, 1). The operator Hy takes
the weighted average values of f over the line segment from the origin to each
point x in R”. In this paper we consider operators that take weighted average
values of f over line segments, rectangles, rectangular cuboids, etc. We put
these operators in the same form and investigate weighted estimates for them.

Let m and n be positive integers and m < n. We split n into the sum of m
positive integers n;, i = 1,2,...,m. Foreachi = 1,2,...,m, let E; be a
subset of R defined at the end of this section. Define E = E{ x --- x E,,,.
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Given a nonnegative measurable function f on E and x = (xy, ..., x,,) € E,
where x; € E;, the multiple Hardy-Littlewood average Hy f is defined as

Hy f (x) := /Iqb(t)f(t ox)dt.

Herel := (0, )", t = (t1, ..., tn), tox = (t1x1, ..., tuXp),dt = dt,, ...dt;,
and ¢ is a nonnegative measurable function defined on I. In the following we
give an example for the case E € R*and n = 3. If m = 1 then n; = 3,
I =01, t=1,x=x = (x11,x12,x13) € E; C [R3, andtox =
(tix11, tixiz2, tix13). In this case Hy f (x) takes the weighted average value of
f over the line segment from the origin to the point x. If m = 2, and n; = 2,
np,=1,thenlI=(0,1) x (0,1),t = (t1, 1), and x; = (x11, x12) € E; C [RZ,
Xy € By C R, x = (x1,x2) = (X11, X12, X2), and t o X = (f1x11, 1 X12, L2X2).
In this case Hy f (x) takes the weighted average value of f over the rectangle
with vertices (0, 0, 0), (x11, x12, 0), (0, 0, x»), and (x11, X2, X2). If m = 3, then
ni=ny=n3=11=(0,1)x(0,1)x(0,1),t = (11, 1, 13),X = (x1, X2, X3),
where x; € E; C Rfori =1,2,3,and t o X = (1 x1, thxp, t3x3). In this case
H, f (x) takes the weighted average value of f over the rectangular cuboid with
the origin and the point x as the endpoints of a space diagonal. This example
shows that the multiple averaging operator Hy defined in this paper can take
weighted average values of f over different types of regions.
Ifo= fl ¢ (t) dt = 1, the geometric mean operator G is defined as

Gy f(x):= exp(/£¢(t) log f(t o x) dt).

We also consider the maximal operator ./,
My, [ (X) = suII)h(z) 1 gt) f(tox)dt,
z€ "

where g and h are positive measurable functions defined on I'and I, = (1 —
2, Dx---x(1=zy, Dforz=(z1,...,2n) € LIfG(z) = flzg(t)dt < 00
for all z € I, the geometric maximal operator qu_h is defined as

zel

fgg_hf(x) :=suph(z) exp(% /I g(t)log f(tox) dt).

Moreover, if G(z)™! fI g(t) £ (t o x)€ dt is finite for some € > 0, then

1 /e 1
lim( — t) F(tox)€dt = S t)1 tox)dt).
El\l}(l)(G(Z) /Izg( ) f(tox) ) exp<G(Z) /Izg() og f(tox) )
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Hence closely related to fﬁgj, is the limiting operator fgg},* defined by

. 1 1/e
f?g_h*f(x) = 11\rf(1) suph(z)(% /; git) f(tox)© dt) .

zel

The purpose of this paper is to characterize the nonnegative function u so that
the weighted inequality of the form

1/q 1/p
(/ Tfx)u(x) dx) < C(/ f(x)? dx) , [f=0, (1.1
E E

where 0 < p, g < 00, holds for T to be any one of the operators given above.
For 0 < p < oo and n: E — [0, oo], we denote

1/p
LIT»'I = {fE = [O’ OO] : ”f”p,n = (V/}; f(X)pn(X)dX> < OO}

If n = 1, we write L;f instead of L;n. If (1.1) holds with a finite constant C
independent of f, we simply write 7T': L;; — L;r,u and we denote the least
constant C in (L.1) by |7l .+ s, -

There are a number of important works on the theory of weighted inequal-
ities. We refer the reader to the books [8], [9], [10], [12], [13], [16], [17], [29],
and the references given there. For the purpose of this paper, see also [2], [21],
[24], [23], [27], [35], [36] for the Riemann-Liouville fractional integrals, [1],
[3] for the one-dimensional integral operators with a homogeneous kernel, [2],
[4], [22], [23] for the fractional one-sided maximal operators, [18], [27], [28],
[32], [34] for the geometric mean operators, [5], [6], [7], [31], [30], [44] for the
geometric maximal operators, [26], [33], [37], [42] for the multi-dimensional
Hardy operator, [14], [15] for the fractional maximal functions and potentials
with multiple kernels, and [11], [18], [38], [40], [41], [43] for the weighted
Hardy-Littlewood averages and related operators.

By [2], [21], and [22] we see that, in general, the conditions for the bounded-
ness of Riemann-Liouville fractional integrals and fractional one-sided max-
imal operators are quite different from the criterion for the boundedness of the
Hardy operator Hf (x) = fox f (@) dt. On the other hand, it is interesting that
for the Hardy averaging operator Hi, in some cases, H: L;; > L;u is equi-
valent to T': L; > L;u for several types of averaging operators and related
fractional maximal operators. In the case m = 1, n; = 1, and E = (0, 00),
Meskhi [24, Theorem 1 & Theorem 3] showed that (1.1) holds for T = H,,
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1 < p,qg <oo,and ap > 1 if and only if B < oo, where

00 1/q
sup(/ x u(x) dx) t(P=0/p, ifp=<gq,
t

t>0

B — | 00 00 p/(p—q)
{/ (/ x Tu(x) dx)
0 t }(p—q)/(pq)

. tPa=b/p=a) 4, , ifg < p.

Here H, f (x) = fol(l — 1)*" ' f(tx)dt, @ > 0. We point out that the con-
dition B < oo is independent of « and it is also the well-known criterion
for Hy: L} +— L7 . By using different methods, Prokhorov [35] proved (1.1)
for T = Hy, 0 < g < o0, and max(1, 1/a) < p < oo. The criterions
on u obtained in [35, Theorem 1 & Theorem 2] are equivalent to the con-
dition # < oo. If J, is the Erdelyi-K&ber operator defined by J, f(x) =

fol(l — t")“‘lt”’7+"_1f(tx) dt,0d >0,0 <a <1l,andn > 1/o — 1, then
by [25, Theorem 3.1 & Theorem 3.4], JJ,: L;r — L;u for 1/a < p < o0
and 0 < ¢ < oo if and only if B < oo. Moreover, by [23, Theorem 3] we

see that 7 < oo is a necessary and sufficient condition for J ,: L} +— L,

where M, f (x) = supy_._, 2 7# [ (1 = * ! f(tx)dt, 1 < p < q < o0,
and B+ 1/p < a < 1.In [27, Theorem 5.3 & Theorem 5.5] another cri-
terion on u was obtained for (1.1) to hold with T = H,. The same condi-

tion also characterized G(,(:L;,r — L;,m where 0 < p,qg < 00, Gy f(x) =

exp(a fol(l —1)* log f(tx)dt), and @ > 0. See [27, Theorem 5.1]. In [18]
the author showed that (1.1) holds for T = G4 and 0 < p, g < oo if and only
if A; < oo forall § > 1, where

) 1/q
sup(/ x 0Py (x) dx) t@=D/p, if p <gq,
1

t>0

As — 00 00 r/(p—q)
s {/ (/ x84 Py (x) dx)
0 t }(p—q)/(pq)

. $@a=p) /(=9 g4

, ifg <p.

Note that % = A,. The function ¢ considered in [18] includes the cases
¢(t) = at* ' and ¢(t) = a(1 — 1)*~!, where @ > 0. These results point out
an interesting fact that 7': L; — L,j,u for T to be operators Hy, J3,, M,
G, are equivalent.

In general, the study of weighted estimates for multi-dimensional operators
is more difficult. Many problems in the two-weight case remain open and the

5> and
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solutions for some solved problems are not easy to check. However, under
suitable restrictions on weights, several weighted estimates in simple forms
for some multi-dimensional operators have been obtained. In [37] Sawyer
solved the two- welght problem for I,: L+ — L(‘;u, where 1 < p < g < o0,
Lf(x) = X' f(tl, 1) dt dt,, and E = (0, o0) x (0, 00). The criterion
obtained in [37] consist of three weight conditions. If v is amultiple weight, that
is, v(x1, X2) = v1(x1)v2(x2), then a criterion under one condition was derived
by Wedestig [42], and another Muckenhoupt-type condition was established by
Meskhi [26]. Some results for a class of multi-dimensional integral operators
and related operators that are similar to that given in the previous paragraph
were established in [20]. In [14] and [15] Kokilashvili and Meskhi investigated
criterions for T: LT +> L+ in the multi-dimensional case and T are fractional
maximal functions and potentlals with multiple kernels. On the other hand, in
the case m = 1 and n; = n, necessary and sufficient conditions on u for (1.1)
tohold with1 < g < p < 00, T = Hy, where ¢(t) = t"~1 can be obtained
in [38]. Sinnamon [38] also showed that the one-dimensional results in the
case p < g do not carry over to dimension n > 1.

In this paper we obtain necessary and sufficient conditions on u so that (1.1)
holds for T to be the multiple Hardy-Littlewood averaging operator H, and
related operators G, M;h, gg_h, and Eﬁg_h*. We show that, under suitable condi-
tionson ¢, g, and i, T': L;; — L;M for T to be these operators are equivalent.
Our theorems extend several one-dimensional results to multi-dimensional
cases and to operators with multiple kernels. Moreover, we show thatif p < ¢
andn; > 1forsomei =1, ..., m, inequality (1.1) holds for T to be any oper-
ators given above only if u(x) = O for almost all x € E. A similar result for the
case m = 1 and E = R” has been obtained by Sinnamon [38, Theorem 3.4].

Fori =1,2,...,m,if n; > 1, we call a region S; € R"™ smoothly star-
shaped if there exists a nonnegative, piecewise-C' function v; defined on the
unit sphere in R™ with §; = {x € R"% \ {0} : |x| < ¥, (x/|x]) }. See also [39].
Define E; = |, «S;, where S; € R" is a smoothly star-shaped region. For
nonzero x; € E;, there is a least positive dilation «,, S; which contains x;. Let
B; = {x € R" \ {0} : |x] = ¥;(x/|x]) } and note that x; /ot,, € B; so that x;
is on the boundary of «,, S;. For any nonzero x; € E;, we make the changes
of variables x; = &;0;, where & > 0 and o; € B;. Then for any measurable
function g defined on E;, we have

/ () dx; = / / ¢ (&0 dE, do. (12)
E; B; JO

Ifn; = 1, we consider the case E; = (0, 00) and fEi g dx; = [;° g(x;) dx;.
Suppose that forsome 1 < £ < m,ny, > 1fors =1,...,£. Thenforx =
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x1,...,xn) € E,wewritex; = &0; fori =k(1),...,k(),where&; > 0and
o; € B;.If £ < m, we have nj;) = 1 and we consider the case E; ) = (0, 00)

fors=1,...,m—{C.Let§ = (&,...,&,) ando = (0y, ..., 0p). Inthe case
{<m,&§ =x;andweseto; = 1fori = j(1),..., j(m — £). Then we write
x = (§101,...,8,0,) =& 00, where § € R® = (0, 00) x - -+ x (0, 00). For

any nonnegative measurable function f defined on E,
[rwax=[ [ reooisasdo. (13)
E B JRY

where dx = dx,, ...dx), B = By X - - X By, [E™ 1 =[], £, d& =
dé&, ...d&, and do = doyy) ...doyq). If each n; = 1, we consider the case
E;=---=E, =(0,00) and (1.3) is reduced to [, f(x) dx = ngo f(x)dx.

Throughout this paper, we assume that all functions are measurable on
their domains. For 0 < z < 0o, we define z* by 1/z 4 1/z* = 1. The notation
A < D means that A < ¢D for some positive constant ¢ depending at most
on m, p, q, and a parameter t. We also take exp(—oo0) = 0, log0 = —o0,
0°=00"=1,and 0o/oo =0/0 =0- 00 = 0.

NoTATION. Letl =(1,...,1),0 = (0,...,0), and o0 = (00, ..., 00).
Letn = (ny,...,n,). Fora = (a;,...,a,) € R"and b = (by, ..., b,),
we writeaob = (a1by, ..., a,b,). In the case b € R™, we write a = b if
ai =b; foralli =1,...,m,and a # b if a = b does not hold. We also write
a>b(ra>b)ifa, > b; (ora; > b;)foralli =1,...,m,anda < b
(ora <b)ifb > a(orb > a). Forc € R, let ca = (cay, ..., cay), a/c =
cla=(a/e, ...,an/c)ifc #0.1fb; #0foralli =1,...,m, we write
c/b=cb™! = (c/by,...,c/b,)anda/b=aob™! = (a;/by,...,an/bn).
Ifa > 0, we write a° = (af, ..., a,,) and ab = (af‘, R af,’;'). We also define
[a] :=[]/L,@.1f0 <a <b <oo,let RE = (aj, by) x -+ X (am, by).

2. Main Theorems

Let0 < p,g <oco,d=(y,...,d,) € R", and u: E — [0, oco]. Define

1AG? @5 X1 p/(p—g)» ifp>gqg,n>1,
qu ) = l=q/p AP (. .
sup[x] Ad (u;x), ifp=g,n>1,orp<g,n=1,
xeE
where

AY (u;x) = / u(t ox)[t"~ @M1 g¢,
R®
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For 1 < t < p we also define

(p—0)/p
<f¢(t)1’/(1’T)[t(fld)/(Pf)] dt) L ifl <1< »,
I

sup ¢ (D)[t'~4/7], if T = p.
tel

P __
Kt,d -

THEOREM 2.1. Let T = Hy. Let 1l < p=g <ocandn>10rl < p <
q < ooandn = 1. If (1.1) holds, then A} (u) < oo for alld > n, and

o(d — 1/p
[%] (/Iq;(t)dt)qu(u)l/qs||T||L;QL;H- @.1)

Conversely, if there exist 1 < 1 < p and d > n such that Kf,d < oo and
AL (u) < oo, then (1.1) holds and

v 1707 P oAPa N/
1Tz, < i n KrqAq ()9 (2.2)

THEOREM 2.2. Let T = Hy. Let 1 < g < p < 0o andn > 1. If there exist

p/q <t < pandd > nsuch that Kf’d < ocoand Afl’q (1) < oo, then we have
(1.1) and

K2 AR (). (2.3)

1 (tq—p)/(pq)
d-— n]

T
ITlgors, < |

Ifu = [/~ u;, where u;: E; v [0, 00], then A} (u) < oo foralld > nis
necessary for (1.1) to hold and

[q(d—n)

1/q
} ( / ¢(t)[t<‘“’—"“>/“’2—”">]dt)Af;‘f(u)”" <ITlpsors,-
p I P q.u

(2.4)

THEOREM 2.3. Let 1 < p < g < oo, n > 1, andn # 1. Then (1.1) holds
for T = Hy if and only if u(x) = 0 for almost all x € E.

We note that Theorem 2.3 still holds for any operator T that maps functions
in L} into L, and satisfies the inequality ||Hy fllgu < clTf 4. for all
felL;.

As an application, we consider the case ¢ (t) = [(1 — t?)2~1 o teob+b—1],
wherea = (a1, ...,a,) >0, b=(b1,...,b,) >0,andc = (cy,...,cp) >
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—1. In this case, Hy f (x) is reduced to

Jabe [ (X) = / [(1 = t")* ot 1] f(tox) dt

1
and ® = [ ¢(t)dt =[]/, B(ci+1,a;)/b;, where B(., -) is the beta function.

COROLLARY 2.4. Let T = Jape.

(1) Letl < p=g <oocandn > 1, 0orl < p<q <ooandn = 1.
Suppose that pa > 1 and p(c+ 1) ob > n. Then (1.1) holds if and only
if Al (u) < oo foralld > n.

2) Letl <gqg < p <oocandn > 1. Letgqga > 1and p(c+1)ob > n.
If AY'(u) < oo for somen < d < p(c+ 1) ob, then (1.1) holds.
Conversely, if (1.1) holds and u = [|;L, u;, where u;: E; + [0, 00],
then A§? (u) < oo foralld > n.

(3) Let 1l < p <q <oo,n>1, andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

Corollary 2.4 can be obtained by Theorems 2.1-2.3 and the fact that Kf, a<
oo forany 1 < t < min{p, pay, ..., pay}andn <d < p(c+1)ob.

THEOREM 2.5. Let T = /%g_h and ¢ (t) = g(t)h(1 — t). Suppose that h is
nonincreasing on each variable and h(17) > 0.

(1) Letl < p=g <ocoandn > 1, orl < p<g<ocoandn =1 1If
(1.1) holds, then qu () < oo for all d > n. Conversely, if there exist
1 <t < pandd > n such that Kf‘d < oo and qu(u) < 00, then we
have (1.1).

2) Let 1 < g < p < o0candn > 1. If there exist p/g < t < p and
d > n such that Kf,d < 00 and Afi’q(u) < 00, then we have (1.1).
Conversely, if (1.1) holds and u = ]_[;.":l u;, where u;: E; — [0, o0],
then A§? (u) < oo foralld > n.

(3) Let 1 < p <q <oo,n>1, andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

Since h(17)H, f(x) < %;hf(x) < Hyf(x) for f € L;r and x € E, we
have
RO Hll s re, < WM s r, < W Hgllps s, (225)
Then Theorem 2.5 can be obtained by Theorems 2.1-2.3 and (2.5). It is in-
teresting to note that Theorem 2.5(3) still holds for any T = # p
h(17) > 0.

,» such that
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If we choose g(t) = [(1 — t)* 1 o t], h(z) = [zP], where a > 0, b > 0,
and ¢ > —1, then ‘/%g_h is reduced to

Mane f(X) = sup[z ] / [A-0*Tot]f(tox)dt.
I

zel
By Corollary 2.4 and Theorem 2.5 we have Corollary 2.6.

COROLLARY 2.6. Let T = Mape.

() Letl < p=g <oocandn > 1, 0orl < p<gqg <ooandn = 1.
Suppose that p(a —b) > 1 and p(c + 1) > n. Then (1.1) holds if and
only ifAf;q(u) < oo foralld > n.

2) Letl <g < p<ooandn > 1. Letg(a—b) > 1and p(c+1) > n. If
qu (u) < oo for somen < d < p(c+ 1), we have (1.1). Conversely, if
(1.1) holds and u = []'_, u;, where u;: E; > [0, 00], then Af? (u) < oo
foralld > n.

(B) Letl < p<qg <oo,n>1,andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

In the following we investigate (1.1) for T = G, 4, and ?9;,7*. First we
consider the case T = G4. Suppose that ¢: I — (0, oo) satisfies the following
conditions:

K1) &= fjot)dt=1,

(K2) M, =exp [;¢(t)log¢(t)dt < oo,

(K3) M, = exp(f; ¢ (t) log[t' "] dt) < oo.
We first deal with the existence of G.

LEMMA 2.7. Let 0 < p < oo and let ¢:1 — (0, 00) satisfy (K1)—-(K3).
Then for all f € L;“, Gy f (X) exists and is finite for almost all x € E.

ProoF. Let f € L;F. Ifn # 1, by (1.3) we have ngo f(Eoa)P[E"1]dE <
oo for almost all ¢ € B. Therefore fI f((ton) oo)?[t" 1] dt is finite for all

n > 0 and for almost all 6 € B. This implies that fI f(tox)P[t"" 1] dt is finite
for almost all x € E.

Let x be such an element in E. Then

exp ( fl P () log(p(®) " f(tox)”[t" 1)) dt)
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exists and is finite. Since
(Gyp f(X)! = Gy (fPH(x)
= MM, exp( / ¢ () log(p®) ™' [t" 1 f(t o x)?) dt),
I

where M| and M, are defined by (K2) and (K3), respectively, we see that
G, f (x) exists and is finite.
The proof of the case n = 1 is similar and we omit the details.

THEOREM 2.8. Let T = G, where ¢:1 — (0, 00) satisfies (K1)—(K3).

(1) Let 0 < p = q <ocoandn > 1, or0 < p < g < o0 and
n = 1. If (1.1) holds, then qu(u) < oo for all d > n and we
have (2.1). Conversely, if there exist T > 1 and d > n such that
M q = exp(f; () log(@ (®[t'¥7]) dt) < oo and A} (u) < oo, then
(1.1) holds and we have (2.2) with K? 4 being replaced by M:’/dp.

(2) Let 0 < g < p < ocandn > 1. If there exist T > p/q andd > n
such that M, 4 < 0o and A} (u) < oo, then (1.1) holds and we have
(2.3) with Kf.d being replaced by M;{lp . Conversely, if (1.1) holds and
u =[], u;, where u;: E; — [0, 0ol, then A (u) < oo foralld > n
and we have (2.4) with the integral fl¢(t)[t(qd_P“)/(p2_pq)]dt being
replaced by exp( f; ¢ (t) log[t@d—rm/(r*=pa)] dt).

(3) Let0 < p <g <oo,n>1,andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

As an application, we consider the case ¢(t) = [ao (1 — t)*7 1], a =
(ai,...,an) > 0. In this case, ¢ satisfies (K1)-(K3) and G, f(x) can be
reduced to

Faf(X) = exp(/[a o(1—1t)*"]log f(tox) dt).
I

Moreover,

'@+l _
My =[ace: "] and M,= [e(y1+ ”""”)O(n 1)],

where y is the Euler constant, e = (e, ...,e), @+ 1) = (I'(a; + 1), ...,
'@, +1),andT"(@a+1) = T"(a; +1),...,T"(a, + 1)). We also have

1 '@+l
Mo = [ao et 1R 0]
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COROLLARY 2.9. Let T = _¥,.

(1) Let0 < p=g <ococandn>1,0r0 < p <qg <ooandn = 1. Then
(1.1) holds if and only if A} (u) < oo for alld > n.

(2) Let0 < g < p <ooandn > 1. If A} (u) < oo for some d > n, we
have (1.1). Conversely, if (1.1) holds and u = ]_[:-"zl u;, where u;. E; —
[0, oo], then A} (u) < oo for alld > n.

(B) Let0 < p < g <oo,n > 1, andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

The results of the case m = 1, n; = 1, E = (0,00),and 0 < p,g < o0
of Corollary 2.9(1) and (2) have been obtained by [18, Corollary 3.4] and [27,
Theorem 5.1].

THEOREM 2.10. Let T = G, or fﬁg_h*. Suppose that h(1~) > 0, conditions
(K1)—~(K3) are satisfied with ¢ replaced by g, and h(z)?'* ] G(Z) is nonincreas-
ing on each variable for some A > 1. Let ¢(t) = g(t)h(1 — t)?/* /G (1 — t).

(1) Let0 < p=g <oocandn >1,0r0 < p <qg <ocoandn = 1L If
(1.1) holds, then qu (u) < oo foralld > n. Conversely, if there exist

1 <t < Aandd > n such that Kﬁ’d < 00 and qu(u) < 00, then we
have (1.1).

2) Let 0 < g < p < coandn > 1. If there exist p/q < T < A and
d > n such that K’T\’d < 00 and qu(u) < oo, then we have (1.1).
Conversely, if (1.1) holds and u = ]_Lr-"zl u;, where u;: E; — [0, o0],
then qu (u) < oo foralld > n.

(3) Let0 < p < g <oo,n > 1, andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

ProOFE. For f € L; and x € E, we define k(x)* = f(x)?. Then
h(17)(G k()P < Tf(x) < (ﬂgh*k(x))”p,
where T = G, or §,%, and h*(z) = h(z)?’* /G (z). This implies that

- A/p A4
ROONG o < T, < WY

Then Theorem 2.10 can be proved by Theorem 2.5 and Theorem 2.8.

It is interesting to note that Theorem 2.10(3) still holds for any 7' = fg;h

and iég_h* such that 2(17) > 0 and conditions (K1)—(K3) are satisfied with ¢
being replaced by g.
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Let g(t) = [ao (1 —t)*> ] and h(z) = [z°], where a = (a1, ..., an) > 0,
b=(,...,b,) >0.Thenforx € E,

Gonf (0 = G, f (x) = suplz"] exp([f—a] /1 [(1 -t "]log f(tox) dt),

zel

1/€

G f(X) = G f(x) = lim sup[zb]<|:3] f [A—0)* 1 f(tox)® dt) .
€NO ze1 7 | i,

Choose A such that A1 > ”?b. Then h(z)?/*/ G(z) is nonincreasing in each

variable. Let ¢ (t) = [a o (1 — t)?/»P~1] We have

m

(—1)/
pbi—f )\.—d,'
K* = B , 00
rd Ea (A—r A—r) =

fort <A, 7l < pb,andd = (dy, ..., d,) < Al.

COROLLARY 2.11. Let T = G, or 9", and pb > (max{l, p/q})1.
(1) Let0 < p=qg <oocandn>1,0r0 < p <qg <ooandn = 1. Then
(1.1) holds if and only ingq (u) < oo foralld > n.

(2) Let0 < g < p < coandn > 1. Ifthere existsd > n such thatqu(u) <
o0, then (1.1) holds. Conversely, if (1.1) holds and u = ]_Lr'"=1 u;, where
u;: E; — [0, 00], then A} (u) < oo foralld > n.

(3) Let0 < p <qg <o0o,n> 1, andn # 1. Then (1.1) holds if and only if
u(x) = 0 for almost all x € E.

In the following we consider a simple case as an example of our main results.
Letm=n=2,n=n,=1,E, = E;, = (0,00),E = (0, o0) x (0, 0), and
I =(0,1) x (0, 1). The operators considered in this paper are reduced to the
following forms.

1l
Hy f(x1, x2) 3=/ / o (t1, 1) f(tix1, hxo) dtr dty,
o Jo
el
Gy f(x1,x2) 1= exp(/ / ¢(l1,12)10gf(f1x1,tzxz)dlzdll),
o Jo

1ol
Mgy f(x1,x2) == sup h(Z1,Zz)/ / gt 1) f(tix1, xy) dry diy,
l-zp J1-2

0<z1,22<1
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G [ (x1,x2) == sup

O0<z1,22<1

1 1 1
h(Zl,Zz)GXP(~—/ / g(fl,fz)logf(l‘lxl,lzxz)dlzdll),
G(z1,22) J1-2, J1-2,

ggjl*f(xl, Xp) :=lim sup
eN00<z1,220<1

1 1 1 1/e
h(Z1,Z2)<~—/ / g(t, 1) f(tix1, taxo)" dtzdfl) ,
G(z1,22) J1-2 J1-=2

where G(zl, 7)) = fll_Z] fll_zz g(t1, ) dt, dt,. Inequality (1.1) is then reduced
to

00 00 1/q
(f / Tf(Xl,Xz)"u(xl,m)dedxl)
o Jo
00 poo l/p
SC</ / f(xl,xz)”dxzdm) . (2.6)
o Jo

Here f > O and T is any one of the operators given above. For 0 < p, g < oo,
dy,dr, € R, and u: (0, 00) x (0, 00) — [0, o0],

pq . .
||Ad1,d2(u7xla-xz)”p/(p_q)a lfp >q,
qu (u) —
dy.d 3 .
o sup  (x1x2) TPAL (s xy,x0), if p <gq,
0<xy,x2<00
where

o0 o0
—qd —qds
Agzdz(u; X1, Xp) = / / u(tixy, bhx)t; q 1/pt2 qda2/p dt, dt,.
1 1

For 1 < t < p we also have

1 pl , = =d (p—7)/p
{/ / o(ty, 2‘2)/7ffl‘ll’7r lzpir dt, dll} , Ifl <t< P,
0 0

1— - )
sup ¢ (11, )t d‘/pt2 aip ift = p.
O<ty,tp<1

14 —
Kf,dl Ay T

Theorem 2.1 shows thatfor 7 = Hy and 1 < p < g < o0, if (2.6) holds, then
A}?, (u) < ooforalldy > 1andd, > 1. Conversely, if there exist 1 < 7 < p
and d, > 1,d, > 1 such that K7, , < oo and Agzdz(u) < 00, then (2.6)
holds. Theorem 2.2 gives results for the case 1 < ¢ < p < oo. Similarly,
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Theorems 2.5, 2.8, and 2.10 establish (2.6) for T = ./,

o> G and 9,,, 9",

gh> g
respectively, under the condition A}, (1) < oo.

3. Proof of Theorem 2.1

We first consider the sufficiency part. Let h* = f7, 1 <t < p,andd > n.
Then

T/p
Hyf(x) < K74 (/[td—ﬂ]‘”h(t o) dt) : 3.1)
I

Considerthecase | < p=¢g <oo,n>1,andn # 1. By (3.1) and (1.3) we
have

/H¢f(x)pu(x)dx
< (n«’d)f’// (/ [t9-71] Urh(to@oa))dt) u( o 0)[£" 1] dt do.
Let g(s) = [s4"1]1Y/"h(s 0 0). Then

/[td—“]‘“h(to(goa))dt: [g—d]'/’/ o(s) ds
1 R;

and by [33, Theorem 2.1], we have

([ swas) ueoofenr-a)ae

0

7—1
<<[f 1] co) [ g [ de,

d—n Ry

where

s>0 s>0

C(o) = sup[sd_“]/ u(E o) [ dE = sup Ay (u;s o).

By [ro @®)TET N dE = [oo f(§ 0 0)P[E" 1] d& we obtain

—1 (x-1/p 1/p
1Hy fllpu < Kf,d[;—] (/ C(o) fEoo)[E""]dk dd)
—n B R®

r—1 (z=D/p .
< [d _n} K2 gAL" @) P £l -
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Considerthecase | < p <g <oo,n=1l,and E; =--- = E,, = (0, 00).
By (3.1), we have

tq/p
/Hq,f(x)qu(x)dxf (Kf,d)qf (/[tdfl]”fh(tox)dt> u(x) dx.
E Re \JI

Let g(s) = [s%"11"/"h(s). By [33, Theorem 2.1] and similar calculation to
that given in the previous case we have

1 Hy fllgu < Kf-d{/Rgo (fn

T —1 (r=D/p |
< [d — J K24 AG @0 £,

Tq/p 1/q
g(s) ds) u(x)[x"419/7 dx}

X
0

In the following we consider the necessity part. Suppose that (1.1) holds
for T = Hy. Letl < p=¢q <oo,n = (n,...,n,) > 1, m # 1,
d=(,...,dy,) >n,anda = (ay,...,a,) > 0. Suppose that for some
1 <l <m,ngg >1fors =1,...,¢ Thenforx = (x1,...,x,) € E, we
write x; = &0, fori = k(1),...,k(£),where&; > Oando; € B;. If £ < m,we
have n;;) = 1 and we consider the case Ej) = (0, 00) fors =1,...,m —¢£.
Leté = (&,...,&,) and 0 = (ok(1), .-, Okpy)- Inthe case £ < m, & = x;
fori = j(1),...,j(m —£). Let B = Byuy X -+ X By and let ¢ be a
nonnegative function defined on B such that 7 is integrable on B. We choose

f(xX) = ga(§)¥ (o), where

2 2 m a: di(ji—1)/p
a@® =Y ... [l (&)a,.”f“’(é—f) : (32)

=l ja=li=1

Here I; = (0,q;) if j; = 1 and I;, = (a;, o0) if j; = 2. We first show that
Jg ()P dx < oo. Since

—n; (ai )d[(ji_l)g__n,-—l d%‘
RN ' l

2 m :
(—1)7 d
a ani(j,» “D-n [n(d—n)]’

Il
e
NE
]
—

/ ga (&) [E" 11 déE
Ry

=
I
-

~.

S
I
N
I
—
e

Il
.MN

=
I
—_

~.

N
I
—_
Il
—_
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/E fx)Pdx = /B ( /R - ga@)"[e*'“]ds)w(a)f’da

d
= [m} /Bw(a)p do < oo.

Here do = doy) . . . doyy. On the other hand, for § > a, we have

we see that

Hy f(x) = /I¢(t)ga(t0§)1ﬂ(0)dt

2 2 m i (G di(ji—=D/p
5 Sl )

J1=1 Jm=1
1 1 m
X / .. / o, ..., [m)<1_[ X, ([igi)tidi(lji)/l’) dt, . .. dll}
0 0 i=1
> [a% " 1]""y (o) / 6 (0) dt.
1

The last inequality is based on the facts that ;™ > a®~"& % and 1% > 1
forO <t;, < 1.Letd = flg{)(t) dt. Then

/H¢f(x)pu(x)dxz CD”[ad_“]// u(€ o0)[" 'y (o)’ dé do.
E B JRY

Inequality (1.1) with T = Hy implies

d
/Bcp[n(d - nJ‘“")pd"

> F /B ([a“—“] [ u@oo[s ] d&)w(O)”dG.

Since this inequality holds for all nonnegative functions ¥ defined on B such
that ¥” is integrable on B, we obtain

d
2 Prgd—n o n—1-d — ®PAP (4 a o
C |:n(d—n)i| > oP[a™ ] Rgou(’g' a)[’g' ]d&‘ PPA (u;a00)

for almost all @ € B. Moreover, this inequality holds for all a > 0 and hence
we have (2.1).
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Considerthecase | < p <g <oo,n=1l,and E; =--- = E,, = (0, 00).
Letd > 1 and f(x) = ga(x), where a > 0 and g, is defined by (3.2).
Then [, f(x)? dx = [1%]. For x > a, we have Hy f(x) > [a%'x79]"/7 o,
Therefore

/ Hy f (x)7u(x) dx > ®[a®1]9/7 f u(x)[x"419/7 dx.
E R

0
a

If (1.1) holds for T = Hy, then

d 1/p 1/q
C[—} > Pat~1)l/» (/ u(x)[x"479/r dx)
d-1 R

= ®[a] 17 1/P AR (u; a)'/e.
Since this inequality holds for all a > 0, we have (2.1).

4. Proof of Theorem 2.2

First we prove the sufficiency part. Consider the case n > 1 and n # 1.
Suppose that p/qg < T < p,d > n,and K ; < 0o and A}’ (u) < oo. Let
h* = f?.Inequalities (3.1) and (1.3) imply

/H¢f(x)qu(x) dx
E
Tq/p
< (K ) f / (/[td—ﬂ]”fhao(soa))dt) u(€ 0 0)[E" 1] dt do
B JrRE \J1

and then by [33, Theorem 3.1] and by letting g(s) = [s¢"]"/"h(s 0 0), we
have

Tq/p p/(tq)
{ / ( / [t o (& o o))dt) u(& o a)[&““]d&}
R \JI

Tq/p e
N {/ (/5 &(s) ds) u§ OG)[’;'“_I—(Q/p)d] d‘g'}
RoOQ R

0

r —17@—P»/CD) dield VA
< |:d ] CI(G)P/r{/ g(g)r[gnf +r1— ]d‘g'} ’
—n Rf)’o
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where fpe ¢(€)7[E" 1] dE = oo h(E 0 0)7[E" ] dE and

r/(p—q)
Ci(o) = {/Roo </Rw u(§ oo)[En1-/P4] d’g‘)

(P—4q)/rq
% [S((d—n+l)q—p1)/(p—q)] ds}

Hence

15y f llg.u

r—1 (tq—p)/(pq) q/p 1/q
< de[ ] {/ Cl(G)q</ h(EOG)’[S"I]d’s') da}
“ld—n B Ry
r—1 (tq—p)/(pq) (p—q)/Pq
< Kf’d[d — n] {/ Cl (G)Pq/(P—q) d(f} ”f”p
B

Here [ C1(0)P7/?=9 do = A}%(u)P/?~%)_ Therefore we have (1.1) and (2.3)
with T = H¢.
Ifn=1and E, =.-- = E,, = (0, 00), we have

tq/p
/H¢f(x)qu(x)dx§(ﬂ§f’d)‘1/ (/[td”]‘/fh(tox)dt) u(x) dx.
E R \JI

Then a similar proof can also be applied to obtain (2.3).

In the following we suppose that (1.1) holds and u = []/_, u;, where
u;:E; — [0,00]. Forx = (x1,...,x,) € E, we write x; = §o; ifn; > 1
and x; = §; if n; = 1, where & > 0 and o; € B;. For a positive integer M we
define

wi () = minfu; (%), M) xo.mn &) 4+ minfu; (x), & 7" xr .00 &),

where 1/r =1/q — 1/p. Letupy(x) = ]_[flil u; pm(x;). In the case n > 1 and
n £ 1, we write x = £ oo, where § = (&1,...,&,),0 = (01,...,0n), and
o, =1ifn; =1.Ford > n, let

fu(x) = [g(qdfpm/(pzqu)]UM(a; &)/ =), “.1)

where Uy (07; §) = [E"4/P AL (u); x). By (1.3) and the dual result of [33,
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Theorem 2.1],

/fM(X)p dx:// UM((,;g)p/(pfq)[g(qdfpn)/(pfq)Jrnq] dt do
E B JRY

< / / U (& 0 )P P-D[E" ] dg do < oo,
B JR{®

where C* is some finite constant. On the other hand, since ||Hy farllg,u,,
Cll fmll, and

IA

Hy fi(x) > K[E(qd_p“)/(Pz_”q)]UM(a; s)l/(p—q)’

where K = [ ¢(t) [t(qd‘P“)/(PZ_Pq)] dt, we have
1/q
K{/ [£@ =P/ (PP —poyin-l (0 £)4/ P~y (& o o) dE da}
B JRY

1/p
< C{/ [:S:(qd—pn)/(p—q)+n—1]UM(6; S)p/(p—q) dg da} < 00.
B JRY

Since

o0
di—pn;)/(p— i—1 -
/ fi(q PSP=O (o £)PT PO dg
0
p X L @di—pan) /(P —p)+ni—1 /(r—)
< — & ' Uim (03§ PV u; y(&i0y) dE;,
q(d; —n;) Jo
where Ui (073 &) = [ i (yioy)y" /"~ dy;, we have

/ [g(qd*pn)/(p*q)ﬂ*l]UM(G; g)p/(p*q) dE
R§°

_r (gdpgm)/(p*~pg)+n-1 /-0y (E o
f[q(d_n)]/Rw[S" A=Yy (05 §) PPy (§ 0 0) dE.

Then

1
C> K[M} !
p

1/q—1/p
. {/ / [E(qd—pn)/(p—q)ﬂ—l]UM(G; ;):)p/(p—q) d& da} )
B /R
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By letting M — o0, up 1 u and we have (2.4).
The proof of the casen =1and E| = --- = E,, = (0, 00) is similar. We
omit the details.

5. Proof of Theorem 2.3
Suppose that (1.1) holds for T = Hy. Assume ny) > 1 fors =1,..., L. If

¢ =m,thenn; > 1foreachi =1,...,m.If 1 <€ < m, wesetn;, =1
and E;;) = (0,00) fors = 1,...,m — £. For € > 0 and pi) € Bi(), we
define D¢ (pk(s)) = {0 € Br) : lo — okl <€}, s =1,..., £ Foreachs,

it is easy to see that for almost all px() € Bk(s), |De (Pi(s))| > 0 forall € > 0,
where | D¢ (pk(s))| is the measure of D (px(s)) as a subset of By(). Now fix
such a pr) € Bi(s) and let p* = (ok(1, - - - » Pry). Let € > 0 and D (p*) =

De(pk(l)) X+ X De(pk(g)). For x = (X], .. .,Xm) € E, we write X; = éio'i
andleté = (&,...,&,). Hereif { = m theno; € B; fori =1,...,m, and if
1 <¢ <mthen& = x; andweseto; = 1fori = j(1),..., j(m —¥£). Let
o = (O'k(l)’ cee O'k(g)). Leta = (a1, ..., a,) > 0and define

fe(®) = xwra(€) xp, (o) (7).
Then

n V4
A [a;] 11D (o)
s=1

and

ol =0 [ [ ugoog Mag o
D.(p*) R}

Here ® = fI ¢(t)dtanddo™ = doyy . . . dok. Since 1Hy fellgu < Cllfellp,
this implies

an]4/r /.t q/p
3 / f u(€ o 0)[" "] dE do* < CQ[—] (]‘[|De(pk<s>>|> :
D.(0*) JR} n

s=1

Hence

1 -1
T D (n. n d d *
Hf:l |D6(pk(s))| \/‘Df(p*) /gu(g OO-)[S ] S o

an]4/? ¢ q/p—1
scw—q[ﬂ (1‘[|Dg<pk<s)>|> RCHY
s=1

Inequality (5.1) holds for almost all px) € By, s = 1,..., £, and for
all € > 0. By taking limits as € — 0, |D¢(pr))| — 0. Since p < g,
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the right-hand side of (5.1) approaches zero and the left-hand side of (5.1)
approaches ng u(& o p)[" 1] d& for almost all p* € By(j) X - - - X By. Here
if £ = mthen p = (p1,..., o) = p* and if £ < m then we set p; = 1 for
i =j(),...,j(m — £). This implies fRi‘} u(€ o p)[E"11dé = 0 for almost
all p* € Brqy x - -+ X Byy. Since a > 0 is arbitrary, we have u(x) = 0 for
almost all x € E.

6. Proof of Theorem 2.8

The proof is similar to that given in Theorem 2.1-2.3. For any 7 > 1, let
ht = fP.Then G4 f (X) = G¢h(x)7/1’ and (1.1) for T = G, holds if and only

if
' r/(tq) 1/t
( / Gyh(x)™/Pu(x) dx) <crlt ( / h(x)fdx) (6.1)
E E

holds with the same constant C. For d > n and t > max{l, p/q} such that
M. q < 0o, we write log h(tox) = log(¢ (t)[t'"Y])+log(¢ () ' [t¥* A (to
x)). Then G4h(x) < M. q [{[t¥""'h(t 0 X) dt and therefore

Tq/p
/ Gph(x)™/Pu(x)dx < M7¥4" ( / [t "h(t o x) dt) u(x) dx.
E E \JI

By similar proofs to that given in Theorem 2.1-2.2, the sufficiency part of
(1)-(2) can be obtained.

In the following, we suppose that (1.1) holds for ' = Gg4. Then (6.1) holds
for T = 1. Consider the case 0 < p < g < oco. Letn = (ny,...,n,) > 1,
d=(,...,d,) >n,anda = (ay, ..., a,) > 0. The result of the necessary
part of the case p = g, n > 1, and n # 1 can be obtained by a similar proof
to that given in Theorem 2.1 with h(x) = g.(§)y¥ (o), where g,(§) is given
in (3.2) with p = 1 and the inequality G4h(x) > [ad &9y (o) for & > a.
Ifp<g,mn=1adE, = --- = E, = (0,0), let h(x) = ga(x) with
p = 1. Then fEh(x) dx = [ﬁ] and Ggh(x) > [a%~1x~9] for x > a. Then
the necessity part of this case can be easily derived by a similar argument to
that given in Theorem 2.1. The result of the case ¢ < p can also be obtained
by a similar argument to that given in Theorem 2.2 with &, (x) = fy(x)? for
any positive integer M and the inequality

Gyhy(x) > Md[E(qd_”“)/(”_q)]UM(a; g/ (=9,

where f) is given by (4.1) and Mq = exp(f; ¢ (t) log[t4d—r™/(P=D] 4t).
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Inthecase 0 < p < g <oo,n > 1,and n # 1, if (6.1) holds for t = 1,
by choosing & = f, we have

/G¢,h(x)‘1/1’u(x)dxz/ / uoo)[E" dedo*,
E D.(p*) JR}

where f., D.(p*), and do* are given in Theorem 2.3. Therefore by a similar
proof to that given in Theorem 2.3 we have u(x) = 0 for almost all x € E.
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