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ON A THEOREM OF E. FOLNER

RALPH A. RAIMI

1. The purpose of this note is to prove anew a theorem of E. Fglner
[2, Theorem 2] concerning approximation properties of functions in a
linear space without Banach mean value. The essential idea of the proof,
even, is the same, but the argument is simplified by the observation that,
in the case under consideration, the standard decomposition of a linear
functional into the difference of positive parts preserves translation-
invariance. Thus a more transparent form of the Hahn-Banach theorem
can be used, and Fglner’s subadditive functional M need not be intro-
duced. In the process, the non-essential role of the constant functions
is put in evidence, and the hypothesis of their presence dropped from the
theorem. The definition of right Banach mean is adjusted to make this
possible; in the presence of the constant functions, the new definition
is shown to coincide with that of Felner [3].

2. Let ¢ be a group, L a linear space of bounded real-valued functions
on G, with the norm

I/l = sup{|f (@) |z @} .
T,: f(x) —f(za)

is called a right translation operator, and .7 will denote the collection
{T,|ae@G}. L is called translation-invariant if

feLl, TeJ = TfelL.
L is called lattice-closed if

feLl,geLl = sup{f,gtelL,
(sup{f, 9})(x) = sup{f(z), g(@)} .
L* will denote the positive cone in L:
L+ = {feL|fz 0},

where f = 0 means f(z) = 0 for all xe@. L* will denote the conjugate
space of L; if peL* and feL, (¢, f) will denote the value of ¢ at f.
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We shall assume from now on that L is lattice-closed and translation-
invariant. Let N be the closed linear extension of {I'f—f | Te.7, feL}.
A functional e L* will be called a right Banach mean if it is non-zero and

(a) (p,f)=20 for all feL+,

(b) (¢, f)=0 for all feN.

We may say, then, that a right Banach mean is (a) positive, and (b)
translation-invariant. If it happens that L contains the constant func-
tions, in particular the ‘unit-function’ w(z)=1 for all ze@, and if ¢ is
a right Banach mean normalized so that ||p||=1, it follows from (a) that
(p, #)=1, by the following argument:

We know (p,u)=<1. If |[f(x)| =1 for all ze@, then —u<f<u, and
(@, f) = (g, u) by (a). Since

loll = sup{|(@, NI | If] < u},

we obtain [l¢|| = (p, u), whence (¢, u)=1.
From this it follows that ¢ is a right Banach mean in the sense of

Folner: Since .

(inf, f(@)u < / < (sup.f@)u,
therefore by (a) again,

inf, f(¥) < (p,f) < sup,f(@).

We will not, however, have to suppose in the sequel that ueL.

3. TaroreM (Felner). If L has no right Banach mean, then L=N.

Proor. If L+ N, we shall construct a right Banach mean. Since N
is a closed subspace of the normed space L, there exists an element
@eL* which is non-zero, but vanishes on N. Since L is lattice-closed,
@ may be decomposed into

¢ =¢r—¢"
by defining, for each feL+,

(¢+5f) = Sup{(‘F:g)IO =9 éf}’

and then extending ¢+ to all of L by linearity (this procedure is described
in [1, p. 35] and [2, p. 9]). Then ¢+ and ¢~ are both positive functionals
[1, p. 35]. Now ¢+ is continuous; indeed

le*l = llell

by the following argument: If fe L+, it follows from the definition of

@t that
@*f) = lel- I
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For any feL, we have a decomposition f=f+—f-, where fteL+ and
f-eL+, by defining f+=sup{f, 0}. Then

I = 1A and il S NS

Further
(e, f) = (p* fH) —(p+. f) .
Hence
(P f) = (o 01 = el 151 = llell- I
and

(% f) 2 (@5 2 —lel- I = —lel-Ifl .

If we can show (¢+, T, f—f)=0 for each fe L and each ae(@, then by the
continuity of ¢+ 1t will follow that (¢+, f)=0 for all fe N. Thus ¢+ and
¢~ will both be positive and translation-invariant, and one of them at
least will be the non-zero functional we seek. But

(p*, Tof) = sup{(p, 1) |0 = b = T,f}
=sup{(p, T ,.1)|0 = T, T h=T,f}
= sup{(p, T ,h)|0 £ T b < f}
— sup{(p. )]0 = B 5 f)
= (¢*.f),

because of the translation-invariance of ¢, and because (since @ is a group)
every feL can be written in the form 7' _,%, for a suitable ke L.

ADDED IN PROOF. It has come to the author’s attention that Felner’s
theorem has already been stated and proved for the special case where
L is the space of all bounded functions, in Corollaries 2 (d’) and 5(d"’)
of: M. M. Day, Means for the bounded functions and ergodicity of the

bounded representations of semi-groups, Trans. Am. Math. Soc. 69 (1950),
276-291.
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