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INVARIANT METRICS IN COSET SPACES

LEIF KRISTENSEN

It is a well-known fact that a topological group G is metrizable if and
only if it satisfies the first countability axiom at the identity element
(and thus at every element), and moreover that when the group is
metrizable, there exists a left invariant metric, that is, a metric d satis-
fying

d(z,y) = d(gz,gy) for all z,y,9eG.
(Birkhoff [1], Kakutani [4]). It is also well known that if ¢ is metriz-
able and H is a closed subgroup, then the coset space G/H is metrizable
(Montgomery and Zippin [5, p. 36]).

In this note it is shown that if H is compact, then there exists an
invariant metric in G/H, that is, a metric d satisfying

d(x,y) = d(gz, gy) for all =z, yeG/H, ge@.

For Lie groups this has already been proved by E. Cartan [2, p. 43];
in this case there exists an invariant Riemannian metric.

The basic idea of the proof given here is very similar to that of the
existence of an invariant metric in a group G (that is the case H = {e})
given by Montgomery and Zippin [5, pp. 34-36].

Furthermore, a theorem is proved which implies that if the homo-
geneous space G/H is locally compact and connected, then there exists
an invariant metric in G/H with the property that every bounded and
closed subset of G/H is compact. This result is useful in the theory of
discontinuous transformation groups. It is well known that a discret
subgroup of a topological group G is discontinuous in every coset space
G/H with compact group of stability Z. This fact and the equivalence
of the various definitions of discontinuity in this case (cf. Fenchel [3])
can easily be proved by means of an invariant metric in G/H with the
property mentioned.

THEOREM 1. Let G be a topological group and H a compact subgroup
of G. The coset space M =G[H is metrizable if and only if it satisfies the
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Jirst countability axiom. Moreover, if M is metrizable, there exists an in-
variant metric.

Proor. We first remark that the natural mapping v:G — M is open
and, because of the compactness of H, also closed. To every neighbor-
hood U of o=v(e) we can find a symmetric neighborhood V of e such that

(HVHY < v-Y(U).

This means that there exists a neighborhood U’ =v»(HVH) of o with the
properties
y{(UNYU < U
and
RU" = U"  for every heH.

Assuming that there exists a countable fundamental system of neighbor-
hoods at 0, we can apply the remark above to construct in the usual way
(see e.g. Montgomery and Zippin [5, p.28]) a fundamental system
{U,}, 0<r=1, dyadic rational, of neighborhoods of o with the properties

12 972 (Uyyon) Upyon < U,

= Y (m+1)[2" >

2° hU,=U, for every he H ,
3° »~1(U,) spans the whole of G.

Although this is not necessary for the present proof, we shall enlarge
the family {U,} defining U, for all non-negative dyadic rationals r by

U, = 0 (the empty set), U, = v(v{(U,_n)v2(U)").

For this enlarged system the properties 1°-3° remain valid, and in addi-
tion we have

(1) NU, =0, UU,=m.

r>0

For every point ze M there is an element ge@ such that go=x. Con-
sequently, for every point xe M we can define a system of neighborhoods
{U?} of by U7y=gU,. Because of 2°, this definition does not depend
on the choice of g, and we have

(@) gUs = UP.
We can now define an auxiliary function f,(y) as follows:
fm(y) = f(x’ y) = Sup{r I yé¢ U::} .
Because of (1), this function is finite and

flz,y) =0 < x=y.
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Because of (2)
fl@,y) = flge, gy)  for every ge@.

d(x, .7/) = Sup'f(x1 u) —f(y’ u)l .

ueM

Let now

The inequality
(3) 0= flx.y) =d@y) = flx.y)+2,

which is easily proved, shows that d(x, y) is finite. Obviously d(x, y)=0,
if and only if x=y. Further d(x, y)=d(y, z), and

sup |f(@, u) —f(2, u)|

uelM

sup|f(x, w) —f(y, w)| + Sujlzlf(?/, u) —f(z, u)|

uell

=d(x,y) + d(y,2)

d(x, z)

I

IIA

shows that the triangle inequality holds. Thus d is a metric. Since

d(gx, gy) = sup|f(gz, w)—[f(gy, u)|

ueM

= sup|[f(x, g7 u) —f(y, g7 u)]|

ueM

= d(x, y) s

d is invariant. The last equality holds because g-* maps M onto itself.

It only remains to be shown that the topology induced by d coincides
with the original topology of M. If S(x,r) denotes the open r-sphere
with center z, then

Sz, r) < U7, r dyadic rational.

For if d(x, y) <r, then f(x, y) <r by (1), and from the definition of f(z, y)
it follows that ye U;. Conversely, if ye U711, by property 1° we have

for every ueM

Uf/gn«n < S(x, 1/2”) ,

and the proof is complete.

which shows that

TaEorEM II. If M s metrizable and if G contains a compact neighbor-
hood of e generating the whole group Q, then there exists an invariant metric
wn M with the property that a subset of M is compact if and only if it is
bounded and closed.

REeEMmarks. The assumption that G is generated by a compact neighbor-

Bid
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hood of e is easily seen to be equivalent to the assumption that M contains
a compact neighborhood U of o such that »-1(U) generates G.

If M islocally compact and connected, then »—2(U), U a neighborhood
of o, generates an open and closed subgroup of @ which, because of the
connectedness of M, is the whole group G. This shows that the assump-
tion of the theorem is satisfied in this case.

Proor. Making use of the properties of G assumed in the theorem,
the system {U,} can be constructed in such a manner that all the sets
U, are compact. The metric d constructed by means of this system has
the property that every bounded set is contained in a compact set.
In fact, if B < M is bounded, then for a fixed ac M and a certain dyadic

rational N
d(a,z) < N forall zeB.

By (3) we also have f(a, ) <N, and by the definition of f
zeUg forall zeB.

Consequently, d has the properties claimed in the theorem.
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