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HARDY INEQUALITIES FOR THE HEISENBERG
LAPLACIAN ON CONVEX BOUNDED
POLYTOPES

BARTOSCH RUSZKOWSKI*

Abstract

We prove a Hardy-type inequality for the gradient of the Heisenberg Laplacian on open bounded
convex polytopes on the first Heisenberg group. The integral weight of the Hardy inequality is
given by the distance function to the boundary measured with respect to the Carnot-Carathéodory
metric. The constant depends on the number of hyperplanes, given by the boundary of the convex
polytope, which are not orthogonal to the hyperplane x3 = 0.

1. Introduction

Consider the first Heisenberg group given by R3, equipped with the group law
(x1, %2, x3) BB (V1. y2, y3) := (%1 + y1, X2 + y2, X3 + y3 — 5 (x1y2 — X201)),
and the sub-gradient Vi := (X, X3) given by

1= 0y + 3X20y,, X i= 0y, — 3X105,,

for x := (x1, x2, x3) € R3. We recall that the vector fields X, X», X3 :=
[X,, X1] = 0y, form a basis of the Lie algebra of left-invariant vector fields
on H and that the sub-elliptic operator

Ay = —X7— X3

is the Heisenberg Laplacian , also called the Kohn Laplacian. There is a con-
siderable amount of literature concerning the Hardy-type inequality

Ju()?

(x? +x3)dx < f | Vi u(x)| dx, ueCPM\{0)h, (1
o lxll
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where

Ixllf == (xf +x3)* + 16x3.

For the proof of (1) we refer to [10], [1], [21], see also various improvements
obtained in [2] and [23]. The anisotropic norm ||x||;;, which appears in (1), is
referred to in the literature as the Kordnyi-Folland gauge or Kaplan gauge. For
the sake of brevity we will use the latter notation and call it the Kaplan gauge.

In this paper we deal with sharp Hardy inequalities for the Heisenberg-
Laplacian on bounded domains. In particular we consider the following prob-
lem: given a bounded domain  C R3, we would like to find the best constant
¢ for which the inequality

Ju(x)?

o 8c(x)?

dx < c2/ Vau@)|*dx,  Vu € C&(RQ) (2)
Q

holds, where §¢ (x) is the Carnot-Carathéodory distance (C-C distance in the
sequel) between x and the boundary of 2, see Section 2 for its definition.
For more details on the C-C distance we refer to [6], [7]. With respect to the
well-studied inequality (1), less is known about the validity of (2), especially
if one is interested in explicit constants. In [8] the authors proved that for every
Q with a C!*! regular boundary there exists ¢ > 0 such that (2) is valid. Later
it was shown by Yang, [24] that if 2 is a ball with respect to the C-C distance,
then (2) holds with ¢ = 2.

The fundamental problem of deriving inequalities of the form (2) lies in
the fact, that we a priori don’t know much about domains which are the most
natural for a Hardy inequality on H. In comparison to the Euclidean setting it
is well-known that if €2 is convex then

|u(x)|? )
| gy dr =4 [ [Vt P ax .

holds for all u € C§°(£2), and the constant 4 is sharp independently of €2, see
e.g. [31, [22], [9], [16], [5], [4], [13].

In this paper we prove that for open bounded convex polytopes €2 we obtain
a constant depending on the number of hyperplanes of 9€2, which are not ortho-
gonal to the hyperplane x3 = 0. Under an additional geometrical assumption
the constant in (2) for convex polytopes can be improved, see Theorem 6.2.
It is even possible to show that for any ¢ > 2 there exists an open bounded
convex domain such that (2) is fulfilled, which is almost a sharp result since
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we prove that for any bounded domain €2 the following inequality holds:

/Q|VH u()c)|2 dx
inf

necr e f Ju(x) P8¢ (x) 2 dx
Q

=

1
1

This shows that at least some convex domains are more compatible with the
Heisenberg group structure than we expect them to be.

In [15] Luan and Yang proved on the half-space 2 := {x € H|x3 > 0} that
for any u € C§°(2) we have

2 2
/ M0 P dr < 4/ Vi ()| d. )

This result was recently generalized by Larson [14] to any convex domain.
Under an additional convexity condition, where H (x) denotes the tangent
plane to x, we can replace the weight on the left-hand side by

w(x):= inf dc(x,y), (5
yedQNH (x)

see Theorem 3.1. This result turns out to be (4) for the case of the half-space.

The paper is organized as follows. In the next section we introduce neces-
sary notation. Main results are formulated in Section 3 and the proof of each
Theorem is done in a separate section.

2. Preliminaries and notation

The tangent plane to x := (x1, x2, x3) € H is given by

oo el 3]
={y e H | xiy2 —x2y1 =203 — y3)}.

where (-, -) is the Euclidean scalar product in R>.
Let us briefly recall the definition of the C-C distance d¢(x, y). We call a
Lipschitz curve y:[a, b] — H parametrized by y () = (y1(t), v2(t), v3(¢))

horizontal if
t t
V(1) e span{(l,O, yzz( )>, (0, 1, _le()>}
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The C-C distance between x and y is then defined as

b
e, y) = inf / JH O+ i, ©)

where the infimum is taken over all horizontal curves y connecting x and y.
We define the C-C and Kaplan distance functions for an open bounded
domain 2 by

Se(x) = inf de(x. ). Sx(x) = inf (=) Bl

If x € QF, we set 8k (x) := 0 and §¢(x) := 0. With these prerequisites we can
state the main results.
3. Main results

THEOREM 3.1. Let Q C H be open bounded, and let the connected components
of H(x) N Q be convex for all x € Q2. Then

|u(x)|?
o w(x)?

holds for all u € Ci°(2), where w(-) is defined in (5) and we have

dx < 4/ | Vi ()| dx (7)
Q

= inf — = inf — y1)? — )2
o() = _inf N0 Bxly= il V=) 4 =)

We call the weight w(-) the reduced C-C distance. The proof of (7) is done
in the following way. We prove the Hardy inequality for each separate X;,
where the distance function is given by the C-C metric generated by X; for
J € {1, 2}. Then we apply the hyperplane separation theorem in the same way
as E. B. Davies did for the proof of (3) for convex domains, see [9].

THEOREM 3.2. Let Q C H be an open bounded convex polytope, and let
m € N be the number of hyperplanes of 0S2 which are not orthogonal to the
hyperplane x3 = 0. Then

1(33/2«/§+1>‘4/3 Ju ()|
5 o 8c(x)?

holds for all u € Ci°(S2), where c,, is defined as the unique positive solution
of the following equality

C 2/3 43 1
Je2 +16 [1+ —— D = .
Cm T ( + 33/2ﬁ) ¢ 2733mwm

dx §/|Vu.ﬂu(x)|2dx @®)
Q

Cm
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For the uniqueness we use the intermediate value theorem and the monotonicity
of the functions on the left-hand side.

In addition, we prove that for c,, the following holds

1 2/3
< m®078/93 . 2199, /243 7-2/3 1 16 (1 + W) , 9

which yields a result with an explicit constant in (8).

The strategy of the proof of Theorem 3.2 consists of two steps. We use
Theorem 3.1 for a bounded convex polytope. Then we take into account the
following Hardy inequality

Ju ()] ,
/szmdx S/QWH u(x)|” dx, (10)

Cm

forall u € C§°(2), which was proved in [11] and [24]. The sum of the weight
functions is then comparable to the distance function to the hyperplanes of
the given polytope, respectively the Kaplan gauge, which is equivalent to the
distance function respectively the C-C metric.

We can improve the constant in Theorem 3.2 under an additional geometrical
assumption, which is discussed in Section 6. The main consequence of that
result is the following:

THEOREM 3.3. For any ¢ > 0 there exists a bounded convex domain Q2 such

that
“ Ju ()2
o 8c(x)?

forallu e C§°(L2).

dx < (2+8)2/|V|H]u(x)|2dx
Q

The last result has an almost optimal constant since we prove that for any
bounded domain 2 the inequality

/ ‘VH u(x)!2 dx
inf Q2
“d””/qu&u>%x
Q

holds, see Theorem 6.5.

=

ENT
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4. Restricted C-C distance and its connection to the Euclidean
distance

4.1. The natural restriction of 02

In this section we show that the reduced distance w(-), defined by (5), can be
expressed in terms of a simple explicit formula. In particular, we show that w
coincides with the distance to the boundary in the Kaplan gauge as well as the
projection onto the (x1, x;)-hyperplane of the Euclidean metric.

THEOREM 4.1. Let Q C H be open and bounded. Then

= inf — )2 —y)?2= inf —
o= _inf V—y)? -y = inf =) Exly

holds for all x € Q.
For the proof we need the following:

LEMMA 4.2. For all x, y € H, we have

1
—5 de(x, W< I(=y) Bxllf < dex, ) (11)

Moreover, both inequalities are sharp.

Proor. Using the left-invariance of d¢(x, y), respectively the group law
on H, we transform (11) into

1 _ _
— e Bx, 0" < Iy Bl <dc(™ Bx, 00"
We know that y~! = —y. Therefore it is sufficient to prove
1 4 4 4
ch(z,o) < lzBO0ly <dc(z,00" VzeH.

The arc joining geodesics starting from the origin were computed in [18]
and [17]. The parametrization of these arcs is given by

0) — kt +60
L k.0) = cos(0) — cos(kt + )’
k
sin(kt 4+ 6) — sin(0
2= pa0) = { 020,k ) = L 7O (12)
kt — sin(kt)
t,k,0) = —————,
z3( ) T
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where 1 € [0,27/|k|], © € [0,27) and k € R\ {0}. This means that for
the given point z := y () € H, one has d(yx¢(t),0) = t. We extend this
formula to the case k = 0 by taking the limit for k — 0. This gives
z1(7,0,0) =1 sin(0),
z2="Y00() := 122(¢,0,6) =t cos(0),
z3(¢,0,60) = 0.

For the computation of d¢(z, 0) we use (12). It is then sufficient to calculate
the supremum and the infimum of

lves@ BO[L,  4(1 — coskn)® + 4(ke — sin(kn))

de(z, 0)* (tk)*

2
This leads to estimating the function

¢(x) = %((1 — cos(t))? + (7 — sin(0))?),

with 0 < 7 < 2m, because t € [0, 27/|k|]. To proceed, we show that the
function g(r) is non-increasing on [0, 2rr]. By differentiating the function
g(7) several times we find that the latter is non-increasing on [0, 27| which
implies that the same is true for g. Hence

1
— =8Qm) =g(r) < lim g(7) = 1.
4 =0+

The sharpness of that inequality is an immediate consequence.

PrOOF OF THEOREM 4.1. Let x € Q and let y € 92 N H(x). Consider
the curve y: [0, 1] — H given by the parametrization y (t) = (1 — t)x + ty,
t € [0, 1]. Obviously y connects x and y. Moreover, since y € H(x), it is
easily verified that y is horizontal. Indeed, we have

Y = (i — xl)(l, 0, ”2(”) +(n—x) (o, . ”2”)).

By definition of the C-C distance, see equation (6), it thus follows that

de(x,y) < vV (x1 — y)? + (x2 — )2

Using y € 92N H(x) we see that

VO —y)? 4 (2 — y2)? = (=) Bxlly .
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Then we apply Lemma 4.2 to obtain the following chain of inequalities

de(x,y) < /(1 = yD? + (2 = y2)? = (=) Bxlly < de(x, ).
Taking the infimum over y € 02 N H (x) yields the result.

4.2. The Hardy inequality involving w

We need the following auxiliary result.

LEMMA 4.3. Let Q2 be an open bounded domain in H. Then

luw@)* |ux)? )
/sz(dl(X)2 * dz(x)Z)dx 54/QWH u(x)|” dx

holds for all u € C;°(S2), where the distances d;(x) and d»(x) are given by

di(x) := inf{ls| > 0 | x +5(1, 0, x2/2) ¢ €2},
se

dy(x) = ig£{|s| >0]x4+s50,1, —x,/2) ¢ Q}.

Proor. Let u € C§°(£2). First we show that

|u(x) 2

ux)r- 2
)2 dx 54/Q [ Xqu(x)|” dx. (13)

To this end we define the following coordinate transformation

xi(t,p,0)=t+og,
F(t,9,0) := {x2(t,90,0) =0, (14)
x3(t, @, 0) =16/2,

where (t,¢,0) € A := {(t,9,0) € R® | 8 # 0}. It can be easily checked
that F: A — Ran(A) is a diffeomorphism and that the determinant of F is
equal to 6/2. For a given x € Q¢ we setu(x) = 0. If x = F(¢, ¢, 0) for fixed
0 € R\ {0} and ¢ € R, we see that there exists a constant ¢ € R such that
F(c,¢,0) = X € 0% satisfies di(x) = dc(x, X). By {a;j}jen We denote the
increasing sequence such that F'(a;, ¢, 0) € 2. Thus for a fixed x € Q we
immediately see that there exists a k € N such that

dl(F(t’ @, 9)) :dC(F(tv @, 9)7 F(akv @, 9))
:dC(F(ta(pa 9)7 F([’ 90,0)+(Clk _t)(1507 9/2))
= |ay — t|.
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Using the last observation, we apply the transformation F to find that to
prove (13) it suffices to show that

ajy 2
// / u(t. ¢.6)] d@ded
d; (t)2

o [ @
<o [ S uegoralaag. as
RJR . a;
j=1"%

where §;(¢) := inf(a;j;; — t,t — a;). Hence the one-dimensional Hardy in-
equality in the #-direction then implies that (15) holds which in turn yields (13).
It remains to prove

Ju(x)?
o da(x)?

dx < 4/ | Xou(x)|* dx. (16)
Q

This is done in the same way as (13) replacing the transformation of (14) by
xi1(t,9,0) =0,
F(t,9,0):= {x2t,0,0) =t + ¢,
x3(t,0,0) = —10/2,
for (¢, ¢, 0) € A. Summing up (13) and (16) then completes the proof.

PrOOF OF THEOREM 3.1. Leta := (ai, a», a3) € 32 N H(x) be such that

w(x) = (x1 —a)? 4 (xa — ar)?.

The existence of such a is guaranteed by the compactness of € and the con-
tinuity of the distance. We know that all connected components of H (x) N €2
are convex. Therefore we assume without loss of generality that H(x) N Q
consists of a single connected component which is convex. Next we apply the
hyperplane separation theorem, which implies that the hyperplane

X1 —ap y1i—a
R -
0 V3

separates H(x) N 2 from the point a € 9€2. We consider the definition of
di(x), see Lemma 4.3, and compute the intersection point of the line c(s) =
x+s5(1,0,x2/2) for s € R with the hyperplane (17). This yields

T:={y€[H]

(= a)? + (x2 — ap)?

X1 —dap
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At this point we apply the hyperplane separation theorem again to infer that

(x1 —a1)* + (x2 — ap)?

di(x) <
lx1 —a|

Now we do the same computation for d,(x) and obtain

(x1 —an)*+ (x — a)?

dy(x) <
|x2 — as]
Altogether we get
1 n 1
di(x)?  da(x)?
(x2 — ap)? (x1 —ay)?
T —a)?+ (= a)?)? (k1 —a)? 4+ (x — ap)?)?
. 1
 w®)?

We recall that the point a € 92 N H(x) was chosen such that the equality
w(x) = v/(x; — a;)* + (x2 — a»)? holds, which proves inequality (7).

REMARK 4.4. For p > 2 itis possible to get an L? version of Theorem 3.1
as well. In Lemma 4.3 we use the L? version of the one-dimensional Hardy
inequality, which holds for p > 1. Then we mimic the last proof and apply for
p > 2 Jensen’s inequality

(@ + bHPI? = 2712 (a? )2 4 b*/2)P* < 2P/ (aP + bP),

fora,b > 0.

5. Proof of the Hardy inequalities for open bounded convex polytopes

In this section we give the proof of Theorem 3.2. First we have to give some
lower estimates for the Kaplan distance function to hyperplanes which are not
orthogonal to the x3 = 0 hyperplane. Therefore we need the following:

LEMMA 5.1. Let p > 0 and g € R\ {0}. Consider
2 +pr=q,

for z € R. Then there exists a unique real solution and it satisfies

|z| > |611/3|<1+ Pyp )2/3
-3 13v/3
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Prookr. First we consider the case ¢ > 0. Then Cardano’s formula gives
the unique real solution

= (Q/2+\/m)1/3+(‘1/2_\/m)1/3

1 [a/2+/a*/4+p3/27 B
- _/ sds = Lgr+ Vara+ pijar)
3 Lapiimrm 3

q -2/3
> 5(61 +vp3/27)
The case g < 0 is treated in the same way.
PROPOSITION 5.2. Let x € H and a > 0. We consider
IT:={y e H|ny +n2y: +n3y; = c},

wheren, ny,n3, c € Randns # 0. When (—2n,/n3+x1)>4+2n; /n3+x,)* <
al —c/n3 + x3 + xny/n3 + xna/n3| we have

(inf I1(—) Boxll)’

- 4| — ¢/n3 + x3 + x1n1/n3 + xn2/n3|

-2
a
1 ,
- 3 ( i 33/2ﬁ>

and for (—2ny/n3 + x1)* + 2n1/n3 + x2)* > a| — ¢/n3 + x3 + xin1/n3 +
Xano /ns3| we have

(inf I1(—) Boxll)’

- 4| — C/l’l3 + x3 +X1n1/n3 +X21’L2/n3|2 (33/2ﬁ N 1>_4/3
(—2]’12/113 + X1)2 + (2711/1’13 + )C2)2 a .

Proor. First of all we consider the case ny =n, =c =0andn; = 1. Let
y € H such that y; = 0 and fix x := (x1, x2, x3) € H with x3 # 0. We set
Z1 :=y; — x; and 2z := y» — x, and consider
I(—y) B x|
2 2
= (1 — x>+ (02— x2)*)” +16(y3 — x3 — 3y1x2 + 3y2x1)"  (18)
= (z% + z%)2 + 16(—x3 — %zlxz + %szl)z.

Then we compute the minimum of the right-hand side as a function of x. We
assume that x; # 0, since x; = 0 is a null set and ég is continuous, see (24),
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(26) and Lemma 4.2. The y, and y, derivatives then yield respectively
(Z% + Z§)4Z1 — X216(—X3 — %lez + %ZZXI) =0,
(21 + 23422 + x116(—x3 — Lz1x00 + 12001) = 0.

Since x; # 0, we easily deduce that z% + z% # 0 and obtain

—22X2
1 = .
X1

Inserting this in (18) yields

X —i-xz2 X2+ x 2
(=) Bl = 4M+16(—x ST 1).
Xl X1

We compute the critical points with respect to y, and obtain

22)2 2\2
4( 5+ ]) 6()62 + xj )
I(=y) Bxlly =2 Tt 6
x) X
where 7, is the unique real solution of

4x3x3 4x3x3
z§+2zgx12= 2—1, p = 2x]2, q:=— 12.

Xy +xq Xy + X

Using the estimate in the previous Lemma, we get

| | 41/3|x3|1/3|xll . x12+x% -2/3
22
T 307+ 1x313%/24/2

(19)

For the case x> + x> < a|x3|, we use
1 2 3
2 242
e(xz +xp)

1(=y) EEXHH 2N >
X

and (19) to get

| s 4l a \7
(),e[:u?vﬁ:o”(_”ﬁx””ﬂ) Z 3 (1+33/2ﬁ> '

For the case x12 + x% > alxs|, we use (19) again for

()cz—l—xz)2
(=) Bxly; >z 3%
1
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which yields

. 2 AP (3322 473
( inf [I(=y)Bxlly) > ( +1 ,
y€H, y3=0 a

T (g + D)
To obtain the result for a general hyperplane, we consider
inf ||(—y) B xlly = inf [(=(vEy) B @By
yell yell

= inf [[(—g)B@BEX)Iy,
(—v)Hgen

where g := (g1, 92, g3) € H, and v € H is set
1
v:= —(—2n,,2ny, —c).
ns3

Then (—v) B g € I is equivalent to g3 = 0, which yields the result.

PrOOF OF THEOREM 3.2. Let us assume that €2 is an open bounded convex
polytope. Let m € N be the number of hyperplanes of 9€2, which are not
orthogonal to the hyperplane y; = 0. We denote these hyperplanes by IT; for
1 < j < m. Thus there exist ny j, ny j, n3 j, c; € R such that

I :={y e H|nijyi +njy+n3;y: = ¢},

where n3 ; # 0 for 1 < j < m. Write n; € R? for the unit normal of IT;. We
use Lemma 4.3 and inequality (10) to obtain

1 1 1 m 1 .
fsz(dl(x)2 T he? ; W)Iuom dx

j
55/|vH u()|*dx,  (20)
Q

for u € C§°(2), where

a; = —(2n2,j, —21’11)]', Cj).
ns j
The aim is to give a pointwise estimate for the weights on the left-hand side
from below. We take b € 02 such that ¢ (x) = ||[(—b) B x|y, Which exists
since 02 is compact and §g is continuous.
The first case is b € II; for a fixed j. Since 2 is convex we compute
the intersection points d;(x) and d(x) with IT;. The hyperplane separation
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theorem yields then

1 n 1 > l(—2n2,j +x1n3,j)2 + (2n1,j +x2n3,j)2
di(x)?  dy(x)* T 4 | — ¢+ (x,n))? '

Let a > 0. We use Proposition 5.2 for the case (—2n; ;/n3; + x)? +
(2n1j/n3,j + x2)* > a| — ¢/n3 + x3 + x1n1/n3 + nyx»/n3| and get

1 1 332./3 —4/3 .
dy (x)? + BH)? ( —* ) (ylgl'lj (=) 8 xlly)

For the case (—21’12,/'/713’1' + X1)2 + (2711’/'/713,1' + X2)2 <al—c/n3+x3+
xiny/ns + nyxy/n3|, we use Lemma 4.2 to get

1 Z 1 ! 1
m = dc(x,a)* ~ wm | —a; Bxllg
1
Z -
Tma/a? + 16

and then again Proposition 5.2 yields

-1
| —c/n3 +x3 +x1n1/n3 + nyxy/n3|

1 i 1
m dc(x, ax)?

k=1 >
> ! <1+ a ) (inf l(=y) B x|l )_2
~ 4. 383rmJa® + 16 332,/2)  ‘ver W

We choose a > 0 such that

1 -2 33/2 o) —4/3
) (R )
4.337rma? + 16 3322 a

which obviously exists. The positive constant, which satisfies that equation is
denoted by c¢,,. If we summarise our estimates, the weight function in (20) is
then bounded from below by

(33/2«/5

a

—4/3 ,
1 inf [|(— B
- ) (ylgnj (—y) B xlly)

(33/2\/5
>

a

—4/3
+ 1) I(—=b) B xll;°,

where we used b € I1;. We recall that b was chosen so that 5 (x) = ||[(—b) E
X|lm-
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The second case is b := (b1, by, b3) € 02 when the hyperplane, which
contains b, is orthogonal to the hyperplane x3 = 0. We denote that hyperplane
by IT. Because of the orthogonality condition, the hyperplane is parametrized
by

I :={y e H| (by —x1))(y1 — b1) + (b — x2)(y2 — b2) = 0}.

We use the hyperplane separation theorem again and compute the intersection
points of d; (x), d>(x) with I1; obtaining

1 1 (by — x1)?
> T 3= 2
dy (x) dr(x) ((bl —x1)?+ (b — x2)2)
(by — x2)*

(b1 = X2 + (b — x2)?)°
. 1 - 1
(b —x)2+ (b —x2)? T [(=b) Bl

At that point we use that b was chosen, such that 6 (x) = ||(—b) H x|y is
fulfilled. Summarizing our estimates we arrive at

33/2,/2 () ?
( a “) o 55 (X)?

where Lemma 4.2 finally yields the result.

dx < S/WH u(x)|2dx,
Q

PROOF OF INEQUALITY (9). Let us assume that ¢,, > 0 satisfies

c 2/3 45 1
Je2 +16 (1 - e
‘nt ( + 33/2ﬁ> X 27337m

It can be easily seen that

cm < @mm)~'? < (4m)~13.

Thus we get the following estimate

1 @m)~13N _
</ —2/3 o) 1/9
T mm <+ @m) + 16 (1 + 303 (4mm) Cm,
which yields

2/3
en”' < m¥0m¥93 . 2199, /2=43 725 1 16 (1 + - ) )

33/227/651/3
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6. Convex polytopes with improved constants

We prove that for some open bounded convex polytopes the constant in The-
orem 3.2 can be improved. We discuss that behavior in detail for convex cyl-
inders. At the end we show for the smallest constant ¢ > 0 satisfying (2) that
2 < ¢, which is a similar result to the Euclidean case.

6.1. The improved version

AsSUMPTION 6.1. Let €2 be an open bounded convex polytope. Let m € N
denote the number of hyperplanes of €2, which are not orthogonal to the
hyperplane x3 = 0. We denote these hyperplanes by I1; for I < j < m. Thus
there exist ny,j, ny j, n3j, ¢; € R such that

Iy :={y e H|nyjy1 +n2y»+n3;y: =cj},

where n3 ; # 0 for 1 < j < m. We assume that there exists a constant a > 0
such that for all x € Q and all j € {1, ..., m} holds

(=2ny;/n3; +x1)* + Qnyj/ns; + x2)*

>al —c/n3+x3+xin1/n3 +naxa/n3|.  (21)

THEOREM 6.2. Under Assumption 6.1, one has

(33/% N 1)“‘/3 | (x)|?

a o 8c(x)?

dr < 4/ | Vi ()| dx
Q

forallu e Cj° ().

ProoF. We use Lemma 4.3 to obtain

/(;+;)|u(x)|2dx <4/|VH u(x)|2dx
o\d1(0)? " dy(x)? ~ e ’

for u € C§°(£2), and proceed in the same way as in the proof of Theorem 3.2.
We treat only the case b € IT; with 6 (x) = [|(—b) H x| since the other one
is the same verbatim. By n; we denote the unit normal to IT;. Again we use
the hyperplane separation theorem and get

1 1 = l(—an,j + )c1n3,/~)2 + @2ny; + x2n3,j)2
di(x)?>  dr(x)*? T 4 | —c¢j+ (x,n;)? '
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Under Assumption 6.1, we use Proposition 5.2, yielding

1(=2n3; +x1n3 )% + Qnyj + xon3,;)°
4 |—Cj+<x9nj>|2

30 a3 B
N inf ||(— .
_( - ) (}}gnj (—y) B xlly)

a2-1/2
Since b € IT;, we use Lemma 4.2 and get the result.

REMARK 6.3. The last result can be extended to any convex bounded 2
as long as there exists a constant ¢ > 0 such that for any hyperplane, which
separates 2 from points lying on its boundary, inequality (21) holds.

6.2. Convex cylinders

We indicate briefly that there are indeed domains satisfying Assumption 6.1.
Therefore we consider domains of the form = w x («, 8), where w C R?
is a bounded convex domain and & < §. This domain is not a polytope but the
hyperplanes which separate the points lyingin b € dw x (o, B) are orthogonal
to the hyperplane x3 = 0. Thus the proof of Theorem 6.2 goes through and we
get:

COROLLARY 6.4. Let @ = w x (a, B) such that o < B and w C R? is a
bounded convex domain. For fixed a > 0, we assume that for all x € Q we
have

xt4+x3>al—a+x;3| and xi+x3>al—p+x;l

Then the following is valid for all u € Cg°(£2)

2
- e dx < 4/Q|V|H]u(x)| dx. (22)

(33/2ﬁ N 1)“‘/3 Ju(x)?

ProOOF OF THEOREM 3.3. Let a > 0 be fixed. We consider the following
domain 2, := B;(p,) x (0, 1), where B{(p,) is the two-dimensional Euc-
lidean ball with radius one centered at p, := (y/a + 1, 0). The conditions of
the last Corollary can be checked easily, where « = 0 and 8 = 1. Thus the
Hardy inequality (22) holds, where the constant depends on a > O.
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6.3. On the sharp constant
THEOREM 6.5. Let 2 C H be a bounded domain. Then one has

/ |VH u(x)|2 dx
Q

f |u(x)*8c(x) % dx
Q

inf
ueCe(Q)

=

=

Proor. It suffices to construct a sequence u, € C;°(2) such that

/Q|VH un()c)|2 dx
lim =

s / e ()22 dx
Q

1
1
To this end we consider the sequence
iy (x) = 8c(0)#V" neN,
and recall that §¢ (x) satisfies the Eikonal equation
[Vidc@)[P =1, forae xeQ, (23)
see [20, Thm 3.1]. Moreover, from [12] we know that
Mlx =yl <dc(x,y) = M~" lx = yI.” (24)

holds forsome M > Oandall x, y € Q. Hence the integral fQ Sc(x)?"1dx <
oo, and using (23) we easily find that

/Q|V|H]ﬁn(x)|2dx <1 1>2
= , VYneN.
/ |ii, (x) %8¢ (x) 2 dx
Q

Next we will show that §¢ is weakly differentiable with respect to X and X,
on . Without loss of generality we consider only the case X ;. Letu € C°(£2)
be given. We must show

/Xlu(x) bc(x)dx = —/ u(x)Xqdc(x)dx. (25)
Q Q
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Since we can extend these functions to the whole space we can integrate over
R3. An application of the dominated convergence theorem then yields

/ Xm(ch(x)dx:,ymO( / “(x+“)ac(x>dx— / u(hX)5c(x)dx)»
R3 d R3 [R3

where X := (1,0, x/2). We make the change of variables x 4+ hX — x to
obtain

/xlu(x)ac(x)dx—%in%)(/ u(x)aC(xh—_hi)dy—/ M;x)&(x)dy)
R3 — R3 R3

. dc(x —hx) — 8¢ (x)
_;lzli?)(/ﬂg; u(x) —h dy)'

Since any two points lying in H can be connected by a (not necessarily unique)
geodesic, see [19], we can easily deduce

18c(x) —dc(Y)| <dc(x,y), forallx e H. (26)

Taking that inequality and the application of the left-invariance of the C-C
distance, we get dc (x — hx, x) = dc(—hey, 0) = |h|, where e; := (1,0, 0) €
H. Hence we may apply the dominated convergence theorem again arriving at

/ Xlu(x)SC(x)dx= _/ u(x) lim ac(x_hi)—ac(x) dy
R? R3 h—0 —h

This limit exists almost everywhere on H, see [20], since d¢ (x) fulfils (26).
This proves (25), and therefore it follows that §¢ is weakly differentiable on
2 with respect to X ;. The case of X, is treated in the same way.

At this point it can be shown by a standard argument that §¢ can be approx-
imated by C(°(£2) functions and that the same is true for the sequence i,,.

REFERENCES

1. Aermark, L., and Laptev, A., Hardy’s inequality for the Grushin operator with a magnetic
field of Aharanov-Bohm type, Algebra i Analiz 23 (2011), no. 2, 1-8.

2. D’Ambrozio, L., Some Hardy inequalities on the Heisenberg group, Differ. Uravn. 40 (2004),
no. 4, 509-521, 575.

3. Ancona, A., On strong barriers and an inequality of Hardy for domains in R", J. London
Math. Soc. (2) 34 (1986), no. 2, 274-290.

4. Avkhadiev, F. G., and Laptev, A., Hardy inequalities for nonconvex domains, in “Around the
research of Vladimir Maz’ya. I”’, Int. Math. Ser. (N.Y.), vol. 11, Springer, New York, 2010,
pp. 1-12.

5. Avkhadiev, FE. G., and Wirths, K.-J., Unified Poincaré and Hardy inequalities with sharp
constants for convex domains, ZAMM Z. Angew. Math. Mech. 87 (2007), no. 8-9, 632—
642.



120 B. RUSZKOWSKI

6.

10.

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Calin, O., Chang, D.-C., and Greiner, P., Geometric analysis on the Heisenberg group and its
generalizations, AMS/IP Studies in Advanced Mathematics, vol. 40, American Mathem-
atical Society, Providence, RI; International Press, Somerville, MA, 2007.

Capogna, L., Danielli, D., Pauls, S. D., and Tyson, J. T., An introduction to the Heisenberg
group and the sub-Riemannian isoperimetric problem, Progress in Mathematics, vol. 259,
Birkhéuser Verlag, Basel, 2007.

Danielli, D., Garofalo, N., and Phuc, N. C., Inequalities of Hardy-Sobolev type in Carnot-
Carathéodory spaces, in “Sobolev spaces in mathematics. I”’, Int. Math. Ser. (N.Y.), vol. 8,
Springer, New York, 2009, pp. 117-151.

Davies, E. B., A review of Hardy inequalities, in “The Maz’ya anniversary collection, Vol. 2
(Rostock, 1998)”, Oper. Theory Adv. Appl., vol. 110, Birkhduser, Basel, 1999, pp. 55-67.

Garofalo, N. and Lanconelli, E., Frequency functions on the Heisenberg group, the uncertainty
principle and unique continuation, Ann. Inst. Fourier (Grenoble) 40 (1990), no. 2, 313—
356.

Goldstein, J. A., and Kombe, 1., The Hardy inequality and nonlinear parabolic equations on
Carnot groups, Nonlinear Anal. 69 (2008), no. 12, 4643-4653.

Gromov, M., Carnot-Carathéodory spaces seen from within, in “Sub-Riemannian geometry”,
Progr. Math., vol. 144, Birkhéuser, Basel, 1996, pp. 79-323.

Hoffmann-Ostenhof, M., Hoffmann-Ostenhof, T., and Laptev, A., A geometrical version of
Hardy’s inequality, J. Funct. Anal. 189 (2002), no. 2, 539-548.

. Larson, S., Geometric Hardy inequalities for the sub-elliptic Laplacian on convex domains

in the Heisenberg group, Bull. Math. Sci. 6 (2016), no. 3, 335-352.

Luan, J.-W., and Yang, Q.-H., A Hardy type inequality in the half-space on R" and Heisenberg
group, J. Math. Anal. Appl. 347 (2008), no. 2, 645-651.

Marcus, M., Mizel, V. J., and Pinchover, Y., On the best constant for Hardy’s inequality in
R”, Trans. Amer. Math. Soc. 350 (1998), no. 8, 3237-3255.

Marenich, V., Geodesics in Heisenberg groups, Geom. Dedicata 66 (1997), no. 2, 175-185.

Monti, R., Some properties of Carnot-Carathéodory balls in the Heisenberg group, Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 11 (2000), no. 3,
155-167.

Monti, R., and Rickly, M., Geodetically convex sets in the Heisenberg group, J. Convex Anal.
12 (2005), no. 1, 187-196.

Monti, R. and Serra Cassano, F., Surface measures in Carnot-Carathéodory spaces, Calc.
Var. Partial Differential Equations 13 (2001), no. 3, 339-376.

Niu, P, Zhang, H., and Wang, Y., Hardy type and Rellich type inequalities on the Heisenberg
group, Proc. Amer. Math. Soc. 129 (2001), no. 12, 3623-3630.

Opic, B., and Kufner, A., Hardy-type inequalities, Pitman Research Notes in Mathematics
Series, vol. 219, Longman Scientific & Technical, Harlow, 1990.

Xiao, Y.-X., An improved Hardy type inequality on Heisenberg group, J. Inequal. Appl. (2011),
2011:38, 8.

Yang, Q.-H., Hardy type inequalities related to Carnot-Carathéodory distance on the Heis-
enberg group, Proc. Amer. Math. Soc. 141 (2013), no. 1, 351-362.

INSTITUTE OF ANALYSIS, DYNAMICS AND MODELLING
UNIVERSITAT STUTTGART

PF 80 11 40

D-70569 STUTTGART

GERMANY

E-mail: bartosch.ruszkowski @hotmail.de



