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AN INEQUALITY FOR FINITE SEQUENCES

FU CHENG HSIANG

1. Let (z,) and (b)), »=0,1, 2, ..., m, be two finite sequences of real
and non-negative numbers. In this note we derive an inequality of
Hilbert-Schwarz’s type and, in the case of a,=b,, we get incidentally a
refined form for the well-known Hilbert’s inequality

33t 2@2

u= 01:—0'“"“"*'1

for the finite sequence (a,). (Concerning this inequality and its genera-
lisations cf. e. g. [2, pp. 117, 290] and [1, Chapt. IX].) Our result is as

follows:

Taeorem 1. Lei (a,) and (b,) be the given sequences, then

2 2 < (m+l)sin—2(—m7%—1—)(éau2)§<§bug)i.

im0 om0 2u +2?)+1
In the proof we require the following almost evident relation:

Lrvma. Let o, u and v be positive tntegers. If ol —v| <n, then

—1 ,
2 e2leu—r)ra/n _ 0 if wetv,
fruar’ noif u=wv,

2. We construct a regular polygon ¢ with an even number »n > 2m of
sides, inscribed in the wunit circle |2/=1 and with the vertices
P, =e?ir/n where P, =P,. Let L, 0<r<n-1, denote the chord joining -
the points P, and P,,;. On the chord L, we have

cos z/n €%

= cos((2r + Ly/n—6)’ rrfn £ 0 £ (2r+2)n/n,

hence cos tjn df

cos?((2r + 1)m/n — 6)

if 6 is measured in the positive sense of the angle.

|dz| =
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Let C, and C, be the parts of C above and below the real axis, respec-
tively. We define two functions:

= g’auzw, g9(z) = f’b,,zz”.
Then we have u=0 v=0
m m

22

u=0 v

a,b,

wamwdt—%Sﬂz(@M

1

by Cauchy’s theorem for contour integration. Let the last integral be
denoted by I, then

= {r@9@e = 1 §r@igene

oA ¢
3 1
= +(Vr@eiaa) ((o@ea
o ¢
= %11!'12*
say, by Schwarz’s inequality. Now
1, = {rer@ie
¢
n—1
- 3 {f@se)d
r=0 L,
n—1 m
S (2@ z2“> (2(1,,22”) |dz|
r=0 7. v=0
S‘ i é", CcOs2t 7r[n e2iud m cos7y[n e~2ive cos 7z/n df
a a .
0] g, -0 “ cos?((2r + )m/n— 0) ;= " cos®((2r+ 1)m/n— 0) cos?((2r+1)z/n—06)
3, @ 2”': 2’” cos2tiqy[p, e2iu-u0 cos zzfn df
= a, a, .
20 oY w0 0= P oos?@)((2r + 1) m/n—6) cos?((2r + 1)z/n —0)
m  m T cog2@v)+l 2 (u-v)(/n—g) -1
-y a,a, 5 cog2@ i+l ¢2w-v/n—g 5 ettenrain g
%=0 v=0 —in cos?@ivile r=0
G nin cos®*+lz/n
=n)a T
= u _;tm 0084u+2¢P

by the lemma of section 1. Since
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nin n/n

de 1 S

S - de sin z/n
cost 2 = costm/n
—nfn —nf

cos? @ cos®*+l[n
n

for 0w <m, we obtain immediately that

m
2nsinz/n Y a2 .

U=y

I

IA

A similar argument gives

I,

fiA

m
2nsingzfn 36,2 .
u=0

From the above analysis it follows that

m m m m 3
3D ~S1nsmnn(2a)(262>
u=0 v=0 2'“"‘2”"‘1 : / u=0 im0

for n>2m, n even. Choosing n=2(m+ 1), we obtain theorem 1.

3. We can easily remove the restriction to non-negative a, and 6, by
observing that

e, 10,]
Qu+20+ 1"

s

35

u=0 v

>3

=D 920 2u+2v+l

I
=}

Thus we obtain

TaEOREM 2. Let (a,) and (b,), v=0, 1, ..., m, be two finite sequences of
real numbers. Then
3 m b
() (219)
s (2 ) (202)

m m
22
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