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ON THE CLASS NUMBER OF NON-MAXIMAL ORDERS
IN p-ADIC DIVISION ALGEBRAS

W. E. JENNER

In 1938 H. Zassenhaus [6] gave a proof that a finite group has only
a finite number of unimodularly inequivalent rational integral represen-
tations of given finite degree. A crucial point in the proof consisted in
showing that for a non-maximal order in a finite-dimensional division
algebra over the rationals there are only a finite number of equivalence
classes of right (left) ideals. This latter result is of considerable arith-
metical interest even aside from its applications. In this paper it is shown
that its analogue holds for p-adic division algebras. The proof uses the
results of Hasse [1] on the arithmetic of p-adic division algebras. As an
application, it is shown that a finite group has only a finite number of
unimodularly inequivalent p-adic integral representations of given finite
degree, a result which follows also from a theorem of Maranda [4]. For
both rational and p-adic division algebras the right and left class numbers
are equal. This was first shown for the case of semisimple algebras over
the rationals by G. Shover [5] and the same methods work in the p-adic
case. However, since the proof in [5] seems to be incomplete on some
minor points, it has been thought advisable to outline a slightly different
one incorporating appropriate modifications.

Let ® be a division algebra of finite dimension n over a p-adic field &
and let o be the ring of integers of k. Let O be an arbitrary order of D,
that is a subring of D containing a k-basis and the unit element of D,
and which is a finitely-generated o-module. Since o is a principal ideal
ring it follows that © has a minimal basis. Now O consists of elements
which are integral over o and so O is contained in the unique maximal
order & of ® which consists of the set of all elements of ® which are
integral over o (cf. [1]). Consequently © has a conductor = (0) with
respect to & (cf. [2]).

DerINtIION 1. A right (left) ideal a of O is an o-module contained in D
such that (1) aDca (Daca), (2) there exists an element ¢+0 in o such
that ¢- D<a, and (3) there exists an element d =0 in o such that d-ac ©.
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DEerFintTION 2. Two right (left) ideals a and b are said to be equivalent
if there exists an element Ae® such that a=1'b (a=04).

Let e, -, ¢, be a minimal basis for . Let ¢ be the row-vector
(e, - .., €,) and set y=?. The regular representations x - R, and « 8,
of ® are given by x-x=x-R, and y)-«=.8, 1) respectively. Let a be a
finitely-generated o-module of rank % contained in ®. Let «4, ..., «,
be a minimal basis of a and let 3 denote the transpose of the row-vector
(635 ««+5 ). With the module a is associated a matrix M defined by
3=M-y. This matrix M is determined by a to within unimodular
equivalence. The following two theorems are due to MacDuffee and are
proved in [3].

(I) A finitely-generated o-module a contained in D and of rank = is a
right (left) ideal of © if and only if there exist matrices C, (D,) with
coefficients in o such that M-S,=C,-M (M ‘R,=D,- M) for all xe®
where M is the matrix corresponding to a.

(II) Let a, and a, be right (left) ideals with corresponding matrices
M, and M, respectively, so that M;-S,=C, O M, (M, 'R,=D, 9-M))
for all xe®, =1, 2, and the matrices C,® (D, %) have coefficents in 0.
Then q, and a, are equivalent if and only if there exists a matrix F with
coefficients in p and whose determinant is a unit of o, such that

E-C®=CW.E (E-D® =D M.F)
for all xe®.

Now let a be a left ideal of © with corresponding matrix M. Then
MR =D, M for all e O where the D, have coefficients in 0. Now D
is a separable algebra and so its diseriminant matrix is non-singular and
intertwines the right and left regular representations; thus there exists
a non-singular matrix 7' with coefficients in % such that S, -7=7T-R,
for all xe®. Then MR =M T8 -(¥T)"1=D,-M and by a slight re-
arrangement, ({M)-1-7-1.8, =1tD_-(!M)-*-T-1. Thus, setting

H = ({M)-1-T-1

and C,='D,, one obtains H-8,=C,-H for all x¢ 0. By (I), H corre-
sponds to a right-ideal a* with minimal basis H-y). It is easily verified
that this mapping a—a* is a one-to-one mapping of the set of all left-
ideals of © onto the set of all right-ideals of ©. Since O, =D, in this
correspondence, it follows from (II) that there is induced a one-to-one
mapping of the set of equivalence classes of left-ideals onto the set of
equivalence classes of right-ideals. Thus these two sets have the same
cardinal number which will be called the class number of D.
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REMARK. The preceding proof works under more general circum-
stances, namely when 9D is a finite-dimensional Frobenius algebra with
unit element and o is a principal ideal ring.

Let a be any right-ideal of ©. Since every one-sided ideal of & is
principal (cf. [1]) it follows that a-J=A-JF for some Ae®. Then
A1a-F=F and so D=i-1-a-F. Consequently,

F=AtaJF=rtaFcilacy.

Thus a is equivalent to a right-ideal A-'-a of O with F<i-t-acS.
Since the difference module { (mod ) is finite (ef. [1]), it follows that
the number of equivalence classes of right-ideals is finite. This completes
the proof of

THEOREM 1. Let O be an arbitrary order in a fintte-dimensional p-adic
division algebra. Then the number of equivalence classes of right-ideals of
9 ts equal to the number of equivalence classes of left ideals of O and this
number is finite.

This result is now applied to a situation considered by Zassenhaus in
[6] for the case of the rational ground field. Let © be an order in a
finite-dimensional algebra with unit element over a p-adic ground field
k and let o denote the ring of integers of k. An integral representation
of O is an p-homomorphism of £ onto a ring of p-endomorphisms of a
finitely-generated p-module. It will be assumed that the unit element
of © maps into the identity operator on the module. Since o is a prin-
cipal ideal ring, such a module has a minimal basis and so the represen-
tation can be realized by matrices with coefficients in 0. Two such re-
presentations x— I", and «— 4, are said to be unimodularly equivalent
if there exists an p-isomorphism @ of the corresponding representation
modules such that @-I',-®-1=A, for all aeD.

THEOREM 2. Let © be an order in a finite-dimensional semisimple
p-adic algebra. Then the number of equivalence classes, with respect to
unimodular equivalence, of integral representations of O of given finite
degree s fintte.

This is proved as in [6] except that Theorem 1 is used in place of the
corresponding result for division algebras over the field of rational
numbers.

CoROLLARY. A finite group has only a finite number of unimodularly
wnequivalent integral p-adic representations of given finite degree.
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This follows from Theorem 2 by taking © to be the group ring over o
and using the fact that the group algebra of a finite group over a p-adic
field is semisimple.
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