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A GENERALIZATION OF DIXON’S FORMULA

JONAS EKMAN FJELDSTAD
The following formula was found by Dixon [1]:
2n % N
Xy () = a2
p=0 p
We are going to prove a generalization of it, namely:
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For m = n = p we get the formula of Dixon.
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Starting from the well-known formula

n

(2 cos @) =] (7:) cos (n—27)gp,

r=0
we obtain immediately

n

1
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We now consider the integral
1 7T T
(2) I= -—28 dx S (2 sin (z+y))*™ (2 cos x)**(2 cos y)** dy,
Ty 0
which can be calculated in two different ways. Substituting first

(2sin (@+y))" = (—l)mg‘j (=1)y (2 ;”) cos ((2m—2r) (x+¥)) ,
we get -
(_1) 2 (—1)’< ) Sn(2 cos x)*" cos (2m—2r) x dzx -

0
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. g (2 cos y)? cos (2m~—2r)y dy ,
Yo
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because the integrals containing sin (2m— 2r)x and sin (2m—2r)y vanish.
Hence, by aid of (1) we find the result

o T=c ey () ().

=0 n—m-r) \p—m-t+r
On the other hand, we have

sin®” (z-+y) = (sin & cos y--cos z sin y)*™
2m 1n2m—s &} 2m—s ins
=2 o ) sin?" 7@ cos’m cos™ Ty sin’y

and substituting this expression in (2), we obtain

22m+2n+2p 2m 2m n
Il=—-—- 3 ( ) S sin®”~*x cos™*x dxg sin®y cos®™ P~y dy .
72 s=0 \ S Yo

If s is an odd number the integrals vanish, but for even values of s the
integrals can be expressed by beta functions. Writing 2s for s, we have

22m+2n+2p m 2m
1="—— 3 (") Bn—st4, ntst) Bemtp—sti, s+ —
§=0
g m o (om)|  D(m—s+HTts+PTm+p—s+HIE+1)
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From a well-known formula for the gamma function we get
l/n (2m—2s)!
I'm—s+13%) = 22"‘_28—(1_’)1:T)r ,
2s)
T(s+3) = V” °

sl

The two remaining gamma expressions can be replaced by a beta ex-
pression :

F(n+-s+3) I'(m+p—s+13) = (m+n+p)! Bnts+4, m+p—s+1).
Substituting these expressions, we obtain
g 2 S (mtntp)! (2m)!
= (m—s)!s! (m~+n)! (m—+p)!
22”“” (m+n+p)! (2m)! 2’”7 m!
x (m4n)! (m—+p)!m! 2 s! (m—s)!

_22n+2p (m+n+p)'(2m) ! n—3% -3 '1 my\ o m—s

B(n+s+4, m+p—s+4)

1
S Zvrs—3 (1 _x)m+p—8~1}dx




48 JONAS EKMAN FJELDSTAD

However,

b (ZZ) 2 (1—2)" = 1,
and §=0

1

{ et (1—ap-tde = Butt, p+d)
Yo
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Hence we have
(m+n+p)! (2m)! (2n)! (2p)!
(mtn)! (m+p)! (n+p)! minl p!”

(4) I=

Finally, equating the two expressions (3) and (4) for I, we obtain the
announced generalization of Dixon’s formula.

REMARK. T have been informed that Th. Bang has noticed that the
generalized formula can be written in a simpler and more symmetric

form, namely
() () () -

p+s/ minlp!’
where the summation is extended over all integers s yielding summands

=+ 0.

This can be seen by expressing the binomial coefficients by factorials
and some rearrangement of the factors. Replacing the letter of summation
s by m+s, we obtain

(nee) (o) (o)
(2m)! (2n)! (2p)! m—+n\ (n+p\ /p+m
~ (mtn)! (ntp)! (pFm)! (m+s) (n+s> (’p—l—s)

from which the new version of the formula immediately follows.
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