MATH. SCAND. 1 (1953)

TWO SUMMATION FORMULAE
FOR PRODUCT SUMS OF BINOMIAL COEFFICIENTS

ERIK SPARRE ANDERSEN

It is well known that the formula

, b\ _[a+bd
g 062 =)
holds for arbitrary @ and b and integral n. A simple way of proving it,
is to consider the relation
(2) (142)* (14+a) = (L4z)**.

If we introduce the binomial series for (1+x)% (1+2)°, and (14-z)**
and compare the coefficients of ™ on both sides of (2), then (1) follows

immediately.
Since I have found no formula for the sum
k b
4 M (e : =1,...,n—
P T
in the literature, I think that the following two formulae may be of
some interest. They cover the special cases b = —a and b = 1—a and

were developed for use in a problem in probability. (See the following,
paper, pp. 276 and 278.)
The formulae, will be proved by induction, are:

@ (O =" T
and k 1—a\ (—1)(1—a) —k fa—1 —a
(6) zZ( ) (n—z)= n(n—1) ( k ) (n——k—l)

n=23, ..., k=01 ...,n—1.

Proof of (5): For » = 1, 2,... and k = 0 the formula evidently holds,

since both sides equal (—a). We assume that (5) holds for » (= 1) and
k (< m) and get "
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™ z;?(?) (n_—ai) - 2%]2 (a—k—1> (n:ak) + (kj—l) (n—_kci—l)
(OGN )

= (") (o) et e (D (L )

and (5) follows by induction with respect to k.

Proof of (6): Forn = 2,3, ... and k£ = 0 formula (6) holds since both

sides equal (1——a>- We assume that (6) holds for # (= 2) and &k (< n—1)
and get "

® 20

bakey (e ) () ()

:(a—1>( —a ){[(n—l)(l—a)-k](—a~n+k+2) a(l—a) }

k n—k—2 nn—1)(n—k—1) (k+1)(n—k—1)

a—1 —a (n—k—1)[(n—1)(1—a)—k—1](a—k—1)
( k )(n——k——2) n(n—1)(k+1) (n—k—1)

ey () (SL)

By induction with respect to k£ the formula (6) follows for £ = 1,2, ...,
n—1. For k = n—1 the operations in (8) are invalid.

It will be noted in both proofs that for each » the induction only pro-
ceedes through a finite number of steps.
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