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PERMUTATION IN RECURSIVE ARITHMETIC

R. L. GOODSTEIN

The recursive definition of the sum of two natural numbers [4] is
asymmetrical so that in recursive arithmetic the commutative property
of addition is a theorem and not a characteristic of the definition as it is
for instance in the theory of aggregates. A simple inductive proof of the
identity a--b = b-}-a, based on a recursive definition of addition, was
first given by Dedekind [1]. The method of proof readily extends to
cover sums of any specified number of terms, as for instance in the iden-
tities
(0.1) (@+b)+c = (a+c)+b
(0.2) ((a+b)+c)+d = ((a+d)+c)+b.

The method is however inadequate for the general problem of which
(0.1) and (0.2) are particular instances, the problem of showing that the
sum of a variable number of numbers is independent of the order in which
the numbers are taken. To establish this result, which is the object of the
present note, we must construct recursive definitions of the familiar
processes of transposition and permutation.

Given a recursive function a(k) we define z(k, n) by the recursive
equations

w(k, 0) = a(k), 1k, n+1) = ok, n)+a(n+k+1);

a simple induction shows that t(k, n) satisfies the relation

(L.0) (p, @)+t(p+q+1, r) = ©(p, g+r+1)

for any non-negative integers p, g, r.
Denoting the recursive function 1-(1-z) as usual by sg x, we define

for all p, ¢
o(p, q) = sg ((¢+1-p) 7(p, ¢=p))

so that for all p,q, n
(L.1) a(p, p+n) = ©(p, n)
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(1.2) olg+nt1,q) =0

in particular o(1, n-+1) = (i, n).
It follows that if ¢ = p

(1.3) o(p, ¢+1) = o(p, ¢)+a(g+1).
If r < s <t then
(1.4) a(r, 8)+o(s+1,t) = o(r, 1) ;

if £ = s the result follows by (1.2), and if ¢t = s+k+1, k = 0, writing
s =r+p, p = 0, we have

o(r, $)+o(s++1,1) = o(r, r+p)+o(s+1, s+k+1)
= 1(r, p)+r(r+p+1, k)
= T(T: p+k+1) = 0‘(7', t)

which completes the proof of (1.4).
We prove next that, for 1 <r < n,

(1.5) o(1, n) = o(1, r=1)+a(r)+o(r+1, n)
andforl <r<rt+s<mn
(1.6) o(1, n)

= o(1, r=1)4a(r)+o(r+1, (r+8)—1)+a(r+s)+o(r+s+1,n) .
By (1.2) we see that (1.5) holds when n = 1 (and so r = 1); if (1.5) holds
for n = k, and if 1 < r < k+1, then for r = k+1
o(1, r=1)Fa(r)+o(r+1, k+1) = o(1, k)+a(k+1) = o(1, k+1)
by (1.3), and for 1 < r = k (so that k = r = p+2,p = 0)
o(1, r=1)+a(r)+o(r+1, k+1) = o(1, p+1)+a(p+2)+a(k+1)

— o(1, k)Fa(k+1), by (13),
= o(1, k+1)

and for 1 < r < k (so that £ = r+1)

o(l, r=1)+a(r)+o(r+1, k+1) = o(1, r=1)4a(r)+o(r-+1, k)+a(k+1)
= o(l, k)4+a(k+1), by hypothesis,
= o(1, k41).

Further, the reader verifies easily that (1.5) is also valid in the case

1 =r=k,n = 2. This completes the inductive proof of (1.5).
It follows that
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o(1, r=1)+a(r)+a(r+1, (r+s)=1)+a(r+s)+ao(r+s+1, n)
= o(1, (r+s)=1)+a(r+s)+o(r+s+1,n) = o(1, n)
which is (1.6).

The next step is to define an interchange of a(r) with a(r-s) leaving
the other terms unchanged. Let

0(r, s, k) = {k-+((r+s)--k) sg [k=7]} = (k=r) sg |(r+s)=-F|;
then, if k=7, k= rts,sglk—r| =sg|(r+s)~k| =0 andso

O(r,s, k) =k ;
if k=r,
0(r, s, k) = r+((r+s)=-r) = r+s,
and if k= rs,
O(r,s, k) = (r+s8)—~s=r.

Hence if b(r, s, k) = a(6(r, s, k)) then

o(r, s, k) = a(k) it k=+r k+rits,
= a(r+s) if k=r,
= a(r) it k=r+s.

To form the sum of the a(k) with a(r) and a(r-}s) transposed we introduce
the recursive functions t*(r, s, k, n) and o*(r, s, p, q) by the equations

T (r, s, k, 0) = b(r, s, k)
™ (r, s, k,n+1) = v*(r, 8, k, n)4-b(r, s, n+k-+1)
o*(r,s,pq)  =sg((g+1)=p) *(r, s, p, q=p).

We have to prove, for n = 1,

(2.0) t*(r, s, 1, n) = (1, n) ;

to this end we start by establishing, for 0 < k < r,
(2.1) o*(r,s8, 1, k) =o(1, k).

If r = 1 (so that £ = 0), and if r > 1 and £ = 0 the truth of (2.1) is
obvious. If (2.1) holds for & = p then for k = p+1 < r

o(1, p+1) = o(1, p)+a(p+1)
and
o*(r,s, 1, p+1) = a*(r, 8,1, p)+b(r,s, p+1), asin (1.3),
= ¢*(r, s, 1, p)ta(p+1), since p+1 < r,

whence (2.1) holds for any k.
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We require also two companion theorems to (2.1): For r < k < r-+s

(2.2) o*(r,s,r+1, k) = o(r+1, k)
and for r4-s < k
(2.3) o*(ry s, r+s+1,k) = o(r+s+1,k).

The proofs are similar to that of (2.1). Since
7(l,n) = o(l,n41) and *(r,s,1,n) =o*(r,s, 1,n+1),

(2.0) now follows from (1.6), the analogous result for the function ¢*, and

the identity a4b+c+d+e = a-+d-+c4-b+-e.

Since a permutation may be regarded as the result of repeated trans-
positions, it remains only to define recursively a sequence of transposi-
tions. Given three recursive functions r(n), s(n), and a(n) we define, for
all non-negative integers %,

B(0, k) = a(k),
B(n+1, k) = B(n, 6(r(n), s(n), k)) .
It has been proved by R. Péter [3, § 5] that equations of this form define

a primitive recursive function so that B(n, k) is primitive recursive.
For each n, B(n+1, k) is a transposition of B(n, k) such that

B(n+1,k) = B(n, k) if k== rn), k= r(n)+sn),
= B(n,r(n)+s(n)) if k=r(n),
= B(n, r(n)) if k=rn)+sn).

If we define the sum function 7'(n, k, p) by the equations

T(n, k, 0) = B(n, k),
T(n’ ks P+1) = T(n, k) p)+B(n7 k—l—P‘l“l),

then taking B(n, k) for a(k) and B(n4-1, k) for b(r, s, k), with r = r(n),
s = §(n), in the proof of (2.0), we find that, for any =,

Tn+1,1, p) = T(n, 1, p)
and so

Tn,1,p) =1T(0,1,p) = 7(1,p)

for all » and p, which shows that the sum a(l)4-a(2)+ ... Ha(p+1) is
unchanged by any rearrangement of its terms.

The foregoing theorems and proofs are all formalisable in the equation
calculus [2].
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