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A THEOREM OF STICKELBERGER

L. CARLITZ

1. In a recent paper [3] Professor Skolem proved the following

THEOREM A. Let D denote the discriminant of
fl&) = 2"+a"'+.. . +a,,

where the a, are rational integers. Let p be an odd prime, p + D, and let

f(@) = fi(@)...fx) (modp),
where the f;(x) are irreducible (mod p). Then the Legendre symbol

(1.1) (%) = (—1)"*.

This theorem is contained in a theorem of Stickelberger [4], namely if
k is an algebraic field of degree n over the rationals and of discriminant D,
and if (p) = p,. .., 18 the factorization of p into distinct prime ideals then
(1.1) kolds. For other proofs of Theorem A, see [1], [2], [5]. As for the prime
2 we have the following supplementary

THEOREM B. In the notation of Theorem A with p = 2, we have
1.2 (3) =
. 5 == .

Here (D/2) denotes the Kronecker symbol, that is
(D/2) = +1for D =1 (mod 8), (D/2) = —1 for D = 5 (mod 8) .

We remark that any odd D is necessarily = 1(mod 4). Theorem B is
also contained in a result of Stickelberger’s, but the proof is rather com-
plicated. In this note we shall sketch a simple proof of Theorem B.

2. If g(x) is a polynomial with rational integral coefficients then it is
familiar that

(2.1) g*(@)—g (") = ph(x) ,
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where h(x) also has integral coefficients; p is a prime. Now let « be an
integral algebraic number of k£ and put

(2'2) Yr = g(ocp’), Ny = h(ap') (r=20,1, 2) .
Thus (2.1) implies in particular

(2.3) Yo' —y1 = Do, i’ —v2 = P11 .
Assume (p) a prime ideal of k. We shall require the

LEMMA. y, is congruent to a rational number (mod p?) if and only if
Y2 = 1 (mod p?).

Proor. Let y, = y,; (mod p?). Then in particular by the second of (2.3),
y,F = y, (mod p) and since (p) is prime it follows that y, = a (mod p),
where @ is rational. It also follows that y, = y; = a (mod p). Hence
yof = ;P (mod p?) and (2.2) implies pryy = pn, (mod p*) so that
ne = 7, (mod p). But by the second of (2.2) we have ; = 7,” (mod p).
Consequently 7, = 5, = b (mod p) where b is rational. Again
y:F = a” (mod p?) so that the second of (2.3) yields y, = a?—bp (mod p?).

Conversely let y, = ¢ (mod p?). It then follows from the second of (2.3)
that y,P = c+pn; (mod p?), so that y;, = ¢ (mod p), y,? = ¢? (mod p?),
and therefore 7, = b (mod p), where b is rational. Also y, = ¢ (mod p).
Since as before n; = 7," (mod p), we get 1, = b (mod p). Hence (2.3) im-
plies y1—ys = (YoP —1F)—p(ne—n;) = 0 (mod p?). This completes the
proof of the Lemma.

3. We now prove Theorem B in the case s = 1, that is f(x) irreducible
(mod 2). Let «y,. .., «, denote the roots of f(x) and put

(3.1) o, = Il («*—o®),D,=6> (r=0,1,2).
0<i<j<n-1

It follows at once that

(3.2) Dy= D, = D, (mod 8) .

Now if &« = «, is any fixed root of f(x) then we may put

o = «? (mod 2) ,
which implies

(3.3) o = o (mod 27) .
If we write

vo= II @"=a?") (r=0,1,2),

0<i<j<n~-1
it is clear from (3.1) and (3.3) that
(3.4) 8, =7, (mod 2) .
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Now we have also from (3.1)
(3.5) Vo = (—1)”‘1‘)}1 (mod 4) .

Hence by the above lemma y, is congruent to a rational number (mod 4)
if and only if n is odd. On the other hand by (3.2) and (3.4)

D = D, = y,? (mod 8) ,

so that D = 1 (mod 8) if and only if y,% = 1 (mod 8). Since y, = 1428,
ye: = 14-4p(f+1) = 1 (mod 8) if and only if § = 0 or 1 (mod 2) so that
ys = 1 or 3 (mod 4). Hence D = 1 (mod 8) if and only if » is odd. This
completes the proof of Theorem B in the case s = 1.

4. Tt is now easy to complete the proof of the theorem. For by a fami-

liar theorem
D=d,...dm?,

where d, is the discriminant of f;(x) and m is an integer, which is necessarily
odd. Consequently
D =d,...d,(mod8),

2)-(2) (8= .

2

so that

which proves (1.2) .
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