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THE BOUNDED APPROXIMATION PROPERTY
OF VARIABLE LEBESGUE SPACES
AND NUCLEARITY

JULIO DELGADO and MICHAEL RUZHANSKY

Abstract

In this paper we prove the bounded approximation property for variable exponent Lebesgue
spaces, study the concept of nuclearity on such spaces and apply it to trace formulae such as the
Grothendieck-Lidskii formula. We apply the obtained results to derive criteria for nuclearity and
trace formulae for periodic operators on R” in terms of global symbols.

1. Introduction

The approximation property on a Banach space arises in the study of the
concept of trace and was first introduced in its current shape by Grothen-
dieck in his monumental work [17]. A particular importance for a Banach
space enjoying this property is that the trace can be defined and consequently
the Fredholm’s determinant leading to numerous further developments. In-
deed, this problematic finds itself closely related to a wide range of analysis
areas: operator theory, spectral analysis, harmonic analysis, functional ana-
lysis, PDEs.

In [14], Enflo constructed a counterexample to the approximation prop-
erty in Banach spaces. A more natural counterexample was then found by
Szankowski [47] who proved that B(H) does not have the approximation
property. More recently these properties have been intensively investigated by
Figiel, Johnson, Pelczyriski and Szankowski in [16], [21]. Alberti, Csornyei,
Pelczyniski and Preiss [1] established the bounded approximation property
(BAP) for functions of bounded variations, and Roginskaya and Wojciechow-
ski [37] for Sobolev spaces W'!. The authors have recently established the
metric approximation property for mixed-norm L”, modulation and Wiener
amalgam spaces in [10], see also [11]. Other works on the bounded approxim-
ation property can be found in [24], [25]. A weak approximation property has
been introduced and investigated in [26]. The fact that the approximation prop-
erty does not imply the bounded approximation property was proved in [15].
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For a historical perspective and an introduction to the subject the reader can be
referred to Pietsch’s book [34, Section 5.7.4] and the recent revisited present-
ation on the Grothendieck’s classical work by Diestel, Fourie and Swart [13].
The monograph [42] contains a more accessible introduction to the topic as
well as several examples of spaces enjoying approximation properties. An in-
troductory survey to the concept of trace on Banach spaces appeared in [36]
by Robert.

To formulate the notions more precisely, let %, %, be Banach spaces. A
linear operator T' from 9B, to %, is called nuclear if there exist sequences
(x;) in %] and (y,) in %, such that

oo oo

Tx =Y (x.x))yn and Y |x}lle; Iyl < o0.

n=1 n=1

This definition agrees with the concept of a trace class operator in the setting
of Hilbert spaces. The set of nuclear operators from 2, into %, forms the ideal
of nuclear operators N (%, %,) endowed with the norm

o0 o0
N(T) = inf{Z Ixy g yull, = T =D x, ® yn}.
n=1 n=1
If B = By, = PBs, it is natural to attempt to define the trace of T € N (AB) by

Te(T) ==Y x, (), (1.1)

n=1

where T =) 2 | x; ® y, is a representation of 7. Grothendieck [17] proved
that the trace Tr(T) is well defined for all nuclear operators T € A (%) if
and only if the Banach space % has the approximation property (see also
Pietsch [33] or Defant and Floret [4]), which means that for every compact set
K in & and for every € > 0 there exists F € & (%) such that

lx — Fx|| <e forallx € K,

where we have denoted by & (%) the space of all finite rank bounded linear
operators on Z. We denote by .# (%) the Banach algebra of bounded linear
operators on Z.

There are more related approximation properties, e.g. if in the definition
above the operator F' satisfies || F|| < M, for a fixed M > 0, one says that %
possesses the bounded approximation property. In the case M = 1, one says
that 2 has the metric approximation property. The fact that the classical spaces
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C(X), where X is a compact topological space, and L”(u), for 1 < p < oo,
satisfy the metric approximation property can be found in [32].

As we know from Lidskii [23], in Hilbert spaces the operator trace is equal
to the sum of the eigenvalues of the operator counted with multiplicities.
This property is nowadays called the Lidskii formula. An important feature
on Banach spaces even endowed with the approximation property is that the
Lidskii formula does not hold in general for nuclear operators. Thus, in the
setting of Banach spaces, Grothendieck [17] introduced a more restricted class
of operators where the Lidskii formula holds, this fact motivating the following
definition.

Let %1, %, be Banach spaces and let 0 < r < 1. A linear operator T
from %, into %, is called r-nuclear if there exist sequences (x;) in %] and
(yn) in BB, so that

o0

o
Tx =) (x,x)y and Yl li Iy, < oo. (12)

n=1 n=1

We associate a quasi-norm n,(T) by

o
n(T) = inf{Z Iy 1175 ||yn||’%},

n=1

where the infimum is taken over the representations of 7 as in (1.2). When
r = 1, the 1-nuclear operators agree with the nuclear operators, and as already
mentioned, in that case this definition also agrees with the concept of trace class
operators in the setting of Hilbert spaces (%, = %, = H). More generally,
Oloff proved in [30] that the class of r-nuclear operators coincides with the
Schatten class S, (H) when %, = %, = H is a Hilbert space and 0 < r < 1.
Moreover, Oloff proved that

ITNs, = n(T),

where || - ||s, denotes the classical Schatten quasi-norms in terms of singular
values.

In [17], Grothendieck proved that if T is %—nuclear from 2 into A for a
Banach space %, then

Tr(T) = i»,
j=1

where A; (j = 1,2, ...) are the eigenvalues of 7" with multiplicities taken into
account, and Tr(7') is as in (1.1). Grothendieck also established applications of
this to the distribution of eigenvalues of operators in Banach spaces. We refer
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to [6] for several conclusions in the setting of compact Lie groups concerning
summability and distribution of eigenvalues of operators on L”-spaces once
we have information on their r-nuclearity. See also [9] for applications of
the notion of nuclearity to boundary value problems. Kernel conditions on
compact manifolds have been investigated in [7], [S].

On the other hand, the variable exponent Lebesgue spaces are a general-
isation of the classical Lebesgue spaces, replacing the constant exponent p by
a variable exponent function p(x). Variable exponent Lebesgue spaces were
introduced by Orlicz [31] in 1931 and some properties were further developed
by Nakano in the 1950s, [28] and [29], within the more general framework of
modular spaces. Subsequently developments of modular spaces were carried
out in the 1970s and 1980s by Hudzik, Musielak, Portnov [18], [19], [20],
[27], [35].

A more specific study of variable Lebesgue spaces only appears in 1961 with
the work of Tsenov [48] who independently discovered those spaces and later
in the works of Sharapudinov [43], [44], [45], [46] and Zhikov [49], [50], [51].
Further, the development of the analysis of many problems on those spaces
has been of great interest in the last decades as has been exhibited in the recent
book [12], [2], [3] and the literature therein.

We now briefly recall the definition of variable exponent Lebesgue spaces
and we refer the reader to [12] and [2] for the basic properties of such spaces.
Let (2, /, 1) be a o-finite, complete measure space. We define (2, u) to
be the set of all u-measurable functions p: 2 — [1, oo]. The functions in
P (2, u) are called variable exponents on 2. We define

pt = ph i=esssupp(x), p~ = pg = essinf p(x).
xeR xeR

If p* < oo, then p is called a bounded variable exponent. If f:Q — Ris a
measurable function we define the modular associated with p = p(-) by

Pp(y () 1=/ | £ @IPY dp(x),
Q

and
Il fllror o = 1nf{A > 0 oy, (f/A) < 1}

The resulting spaces L”") () of measurable functions such that || f|| Lroy <
oo are Banach spaces and enjoy many properties similar to the classical Le-
besgue L? spaces. For example, we will often make use of the following
modification of Holder inequality which becomes affected by a factor 2: let
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pP.q,s € P(Q, 1) be such that

1 _ 1 1
s(x)  p(x)  qx)

holds for p-almost every x € 2. Then we have

Il fgllzsowy <21 f lerogollgllao - (1.3)

We refer to [12, Lemma 3.2.20] for a more detailed statement.

At the same time, there are some exceptions and differences to the classical
theory, for instance the Young inequality fails in the variable exponent case, a
fact proved in 1991 by Kovacik and Réakosnik (cf. [22]) and essentially due to
the loss of boundedness of translation operators on L") spaces (see also [2,
Theorem 5.19]). If the variable exponent p( - ) is bounded, the space L") (1)
is separable and if we denote by p’( - ) the variable exponent defined pointwise

b
Y 1 1

=1
0 T

then (L?O ()’ = LP'© (1), where the identity refers to the associate space
and not necessarily to the isometric dual space. Moreover, if 1 < p~ < p* <
0o, the space L) (1) is reflexive. For the study of the approximation property
we will restrict to consider bounded variable exponents due to the density of
the simple functions in LP") in that case.

In this work we are going to establish the bounded approximation property
for variable exponent Lebesgue spaces, study the concept of nuclearity on such
spaces and apply it to trace formulae such as the Grothendieck-Lidskii formula
and the analysis of pseudo-differential operators on the torus.

2. The bounded approximation property for variable exponent
Lebesgue spaces

In this section we will prove that the variable exponent spaces L") (1) satisfy
the bounded approximation property.

Throughout this section we will assume that our measure space (2, ./, u) is
o -finite and complete. We will also assume that the exponent p( - ) is bounded
since only in such cases are the simple functions dense in L (1) (cf. [12,
Corollary 3.4.10]).

We shall now formulate some preparatory lemmata useful for the proof
of the bounded approximation property. Let I be a countable set of indices
endowed with the counting measure v. For p € #(I, v), we will denote by
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£PO(I) or simply by £7©) the corresponding variable exponent Lebesgue space

whose norm is given by P
< 1}.

Al = inf{x >0:)
kel

Given a Banach space 8 andu € A,z € $B’, we will also denote by (u, z) 3. %',

or simply by (u, z), the valuation z(u).

hi
A

LEMMA 2.1. Let B be a Banach space and g € P (1, v). Let (u;)ier, (v)ier
be sequences in B’', B, respectively, such that

I1Gx, widllgaor, vis 2w < 1, for llxlla, lIzllg < 1.

Then the operator T =) _,_,
and satisfies |T || ¢z < 2.

u; ® v; from B into B is well defined, bounded

PrOOF. Let N C I be afinite subsetof I. Letus write Ty 1= ) .y Ui @ v;.
Itis clear that Ty is well defined. Moreover Ty is a bounded finite rank operator.
Now, since Tyx = ),y (x, u;)v;, weobserve that forx € %,z € %’ suchthat
Ixll@, ll1zlla < 1, applying the Holder inequality (1.3) for variable exponent
spaces we obtain

(Twx, ) < 31 ) (v 21 < 200 ) oo i, Dl < 2.
ieN
Therefore T = limy Ty exists in £ (A) and ||T || ¢z < 2.

LEMMA 2.2. Let By, B> be Banach spaces and (L;); a net contained in
L (B, By) such that for every x € By, lim; L;x = Lx for some Lx € %,.
Then L € L (B, B), ILill.w .2, < M for some M > 0 and L; converge
to L in the topology of uniform convergence on compact sets.

Proor. The factthat ||L;|| #, 2,) < M and L € £ (%, $,) follows from
the uniform boundedness principle. For the rest, let K C %; be compact,
€ > 0and M > 1 such that ||L;|| ¢, 5, < M. Let {x;,...,x,} C K be
such that K C (J;_; B(x;, €/(3M)). If i is large enough we have |Lx; —
Lixjllz, < €/(BM) foralll < j < n.Letx € K and we pick jy such that
lx — xj,lls, < €/(3M). Then

”L-x - LiX”%z = ”Lx - ijo”%z + ”ijo - Li-xjo”gd’z + ||Lixj() - Lix”%'z < €.
Therefore L; converge to L uniformly on compact sets.
As a consequence we obtain:

COROLLARY 2.3. Let B be a Banach space. If there is a net (L;); contained
in F(B) such that sup; |L;|| < M < oo and lim; L;x = x for every x € %,
then & has the bounded approximation property with constant M.
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We can now prove the main result of this section:

THEOREM 2.4. Let p € P (2, ) be a bounded variable exponent. Then, the
variable exponent Lebesgue space LP) () has the bounded approximation

property.

Since the Holder inequality (1.3) in variable Lebesgue spaces L”) holds
with constant 2, we obtain the bounded approximation property in this setting,
rather than the metric approximation property valid for the usual L”-spaces.

However, the bounded approximation property implies the metric approx-
imation property if the space is reflexive. In our case, this happens if Q2 C R”
isopenand 1 < p~, p* < oo (cf. [12]), in which case LP")(2) has the metric
approximation property. This gives a small change to Theorem 3.1 in [11],
with the rest of [11] unchanged.

ProOF OF THEOREM 2.4. We first consider the case when p € (2, ) is
a simple function and we write

l
px) =Y pjlo,(x),
j=1

where p; > 0, the sets €2; are disjoint of finite measure and 1g; denotes the
characteristic function of the set €2;.

Let®s = {24, ..., Q¢} be afinite family of disjoint measurable sets of finite
positive measure. We denote by P the collection of such families. Toa 3 € P
we associate a finite rank operator Ly from LP®) into LP") defined by

£
Lyf =Y w(Q0) " f o) o o le,.- (2.1)
k=1

We observe that Ly, f is well defined since 0 < u(€2;) < ooforl <k < ¢
and the duality (-, - )0 pro 18 well defined by using the Holder inequality
for variable exponent spaces, see (1.3).

In the collection P we define the partial order 3, < %3, if any set in %3, is
the union of sets in %3,. We also say that %3, is finer than 3 if §3; < %3,. This
order begets a directed set.

Let %3, be the family of sets associated to the exponent p( - ). By choosing a
finer ¥ we can rewrite the operator Ly given by (2.1) in different ways which
will be useful later on: we define

lg, 1o,

Vg -

Uy : = —
w(S2) 1/ P

e
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so that we can write
¢

1q 1g
Ly = e ® -
¢ ; W QYT (0P

4
= E uip @ vg
k=1

S|
= 1k®1k.
;M(Qk)(g )

B = LPO), to the finite families uy, vy and ¢ = p(k) = pi. Let f € LPO,
g € L”'O be such that || f||.»0, l|gll;»o < 1. Then we have to show that

We will prove that ||Ly|l#r0y < 2 by applying Lemma 2.1 in the case

(fsw)llepo = 1 and  [[{ve, &) llerrer < 1.

In order to prove the corresponding property for f € LPV, it is enough to
consider a simple function f € LP® such that || f||z,0 < 1. The general case
follows then by a standard density argument. By redefining partitions, we can
assume that f can be written in the form

l
f) =) Bl ().
k=1

Now, for A > 0 we have

Jx)
A

Pk ¢

dx:Z

k=1

Pk

Pel™ .

A

Be
A

p(x) ¢
=y |
k=1 V%

pp(-)(f/k)=/§;'

We also observe that

1(S2%)
@V

£
inf{k >0: Z

k=1
inf{A > 0: py, (f/1) <1}

Ifllzro < 1.

We have shown that ||( f, ur)|leo0 < 1, the proof of || (v, g)llgro < 11is similar
and we omit it. Hence || Ly || #(zr0) < 2.

(fiuk) =B = B ()P,

Hence
Dk

€S> wie) lleror

Be
A

n(2) <1 }
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We now consider the net of finite rank operators (Lsy)yp>g, and prove that
hqrbn Lyf=f

for every f € LPV. It is enough to see this for f simple by the density of
simple functions in LPO (cf. [12, Corollary 3.4.10]). Indeed, let us write f in
the form

fO) =) amlg, (x).
m=1

If we chose B finer than 2 = {Ezm i1 <m < s}, then Ly f = f. Indeed,
since the sets ;. are disjoint we have

4

1
L(lg) = lo, ® 1g)(1g,
(1) ,;u(szk)(Q o) (g)
14

1
= Z —(19}],, IQk>Ll’/('),L1’(’)(IQk)
2 )

1
n(£2))

= lg,.

(Lo, Ig)) o poo (1)

Therefore, Ly f = f for s > 2, and thus limy Ly f = f in LP® . We have
actually proved that L”®) satisfies the bounded approximation property by an
application of Corollary 2.3.

By an additional argument we will obtain the desired property in the gen-
eral case. We now consider a variable exponent p(-) such that p™ < oo.
Then, there exists an increasing sequence of simple functions p/( -) such that
lim; p/(-) = p(-) ae. For each j we associate to a ¥/ € P an operator Ly,
as in (2.1) which due to its form is also defined from L?)(u) into L? (w).
The fact that lim; Ly, f = f in LP© follows as in the previous case. We claim
that || Ly || #(zr0y < 2 which by an application of Corollary 2.3 with M = 2
will conclude the proof. Indeed, if f is a simple function such that || || »0 < 1
and % is its corresponding family in P, we observe that by choosing 3/ > %,
we obtain Ly f = f.

3. Nuclearity on variable exponent Lebesgue spaces

In this section we establish some basic properties for the kernels of nuclear
operators on L”") spaces. We also prove a characterisation of nuclear operators
on LPO,



308 J. DELGADO AND M. RUZHANSKY

We start by proving a lemma giving basic properties of a kernel correspond-
ing to a nuclear operator on L”") spaces when 1 is a finite measure. In the
rest of this section we shall consider two variable exponents p(-) € P(2, u),
q(-) € P(E, v) and the variable exponent conjugate p'(-) of p(-) such that

1 1

ORNS)

LEMMA 3.1. Let (2, M, ) and (B, M', v) be two finite and complete meas-
ure spaces. Let f € LPO(u) and (g,)n, (hy)n be sequences in L1 (v) and
LP' O (), respectively, such that fo:l lgnllLao | nll o < 00. Then

(a) the series Zfil gj(x)h;(y) converges absolutely for a.e. (x,y) and,
consequently, lim,, 27:1 gi(x)h;(y) is finite, for a.e. (x,y),

(b) for k(x,y) =372, gj(x)h;(y), we have k € L'(v ® ),

(©) ifka(x, y) = Yy 80 (y), then [k — Kl v = O,

(d) lim, [o (37—, & ()R () f () du(y)
= Jo(X572) i (OR;(0) f () du(y), for ae. x.

PrOOF. We first write k,, (x,y):= Z;’Zl gj(x)h;(y) f (y) and note that since

v is finite then || 11| 0, < 00. Indeed, [ [1/A19™) dv(x) = v(8) < oo, for
A = 1. Now, by applying the Holder inequality (1.3) which is affected by the
factor 2 in the setting of variable exponents we obtain

/Q / o (e )] dv () ()

< /Q / D g R () f D dv(x) dp(y)
= j=1
<> / |g; (0)ldv(x) /Q Iy DI D] dpe(y)
j=17%

n
< 20U oyl zrogy D185 oy 7 e oy
j=1

<M < o0, for all n.

Hence ||l€n o weu < M, for all n. We now consider a sequence (s,) defined
by

sn(x, ¥) = D lgi R () F (I,

j=1
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which is increasing in L' (v ® p) and satisfies

Sup/ s (x, M dp(x) dp(y) < M < oo.
By an application of the monotone convergence theorem, the limit
s(x,y) =lims,(x,y)

exists for a.e. (x,y) and s € L'(v ® ). Moreover, since f = 1 € LPY(u)
and the fact that |k(x, y)| < s(x, y) we deduce (a) and (b).

The part (c) can be deduced by using the Lebesgue dominated convergence
theorem applied to the sequence (k,) dominated by s(x, y), and setting f = 1,
in which case lg,, =k,.

For part (d) we observe thatwithlz,, (x,y) = Z;':l gi(x)h;(y) f(y), wehave

|1€,1(x, y)| < s(x, y)foralln andevery (x, y). From the factthats € L'(v®u),
we obtain that s(x, -) € L'(u) for a.e. x. Then (d) is obtained from the
Lebesgue dominated convergence theorem.

REMARK 3.2. We observe that the condition of finiteness of the measures in
the lemma above is crucial to obtain k = k(x, y) € L' (v ® w). For instance,
let Q = E = R", u = v be the Lebesgue measure and p = p(-),q = q(-)
constant exponents such that | < p, g < co. By using the fact that p’ > 1, we
define k(x, y) := g(x)h(y), with g € L1(u) \ {0}, h € L” (w) \ L'(@). Then

/ Ik(x,y)ldu(x)du(y)zf lg)dux) | |h()]du(y) = oo.
n [Rl? n Rn

We can now formulate a characterisation of r-nuclear operators on variable
exponent Lebesgue spaces for finite measure spaces.

THEOREM 3.3. Let (2, M, 1) and (E, M', v) be two complete and finite
measure spaces. Let 0 < r < 1. Then T is r-nuclear operator from LPO (1)
into L1V (v) if and only if there exist a sequence (g,) in L1 (v) and a sequence
(hy,) in L?'O(w), such that Z;’il llgn ||’Lq(_>(v) (7™ < o0 and such that,

LP'O()
forall f e LPY(w), we have

riw = | (Zgnu)hn(y))f(y)du(y), for ace.x.
Q

n=1

ProoF. We will assume that »r = 1. The case 0 < r < 1 follows by
inclusion. Let T be a nuclear operator from L") (1) into L") (v). Then there
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exist sequences (g,) in L0 (v), (h,) in L' (1) such that

o
> lgnll ooy 1Bl oy < 00

n=1

and

Tf =3 (f h)gn = Z(fﬂ B F ) du(y)>gn,

n

where the sums converge with respect to the Lq(')(vl-norm. There exist
(cf. [12], Lemma 3.2.10) two sub-sequences (g,) and (h,) of (g,) and (h,)
respectively such that

1@ = YR = 3 [ B0 f 0 di) o).

n n Q

for a.e. x. Now taking into account that the pair ((§n), (71,1)) satisfies

o0
Y MZull oo w1l o < 0o,

n=1

and by applying Lemma 3.1(d), it follows that

S ([ 61 du)u =tim ([ 7000 ))&
j=1

n=1

—tim [ (S EH@R0)0)) duat
j=1

= [(Xa0h) o)
n=1

fora.e. x. Conversely, let us assume that there exist sequences (g, ), in L9 (v),
and (/1,,),, in LPO () such that Y17 1 11 gull Lo vy 1l 7o) < 00, and for all

feLrOu)

170 = [ (X eth)f0)duw).  forae.x
Q2 n=1
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The Lemma 3.1(d) gives

| (Z gn<x>hn<y>)f<y> dp(y)
n=1

= lim i (Z gj (x)hj(y)f(y)) dp(y)
j=1

=1i£nZ(/ hj(y)f(y)du(y)>gj(x)
j=1 Ve

=3[ 101 ednm )

=Y (fhaear) = (THE),  forae x.

To prove that Tf = Y, (f, ha)ga in L1 (v), we let s, := Y /_,(f, h))g;,
then (s,), is a sequence in L4 (v) and

n
150 < N o D 1Al ro g 185 (0]

j=1

o
< I lrogo Y Ihillrogolg 0l =: y(x),  foralln,
Jj=1

Moreover, y is well defined and y € L7V (v) since it is the increasing limit

of the sequence (¥u)n = (I fllzrow Z;?zl ||hj||L,,,(_)(M)|gj(x)|),1 of L0 (v)
functions and

o0
1¥all ooy < W F Nz Y Mazl oo llgi Il aow < M < oo
j=1

By the monotone convergence theorem we see that y € L9 (v). Finally,
applying the Lebesgue dominated convergence theorem we deduce that s,, —
Tfin L0 (v).

In the sequel we also establish a characterisation of 7-nuclear operators for
o -finite measures. In order to get an analogue of the finite measures setting we
first generalise Lemma 3.1.

LEMMA 3.4. Let (2, M, 1) and (E, M', v) be two o -finite, complete meas-
ure spaces. Let f € LPO () and (g,)n, (hy), be sequences in L1 (v) and
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LP'O (), respectively, such thaty o2 | |l gnll Lo 1|l o < 00. Then the parts
(a) and (d) of Lemma 3.1 hold.

ProoF. (a) There exist two sequences (£2;)x and (E); of disjoint measur-
able subsets of €2 and E respectively such that | J, & = @, [ B =&, and,

for all j, k,
w(€2), v(E)) < oo.

We now consider the respective restricted measure spaces (2, 4y, (i) and
(8, M';, vj) that we obtain by restricting 2 to €2, and E to &;, for every k, j,
and restricting the functions g, to E; and ,, to €2, for each n. Then, for all k, j,

o0
D lgnllzoo o all Loy < 00

n=1

By Lemma 3.1(a) it follows that 2721 gj(x)h;(y) converges absolutely for
ae. (x,y) € B/ xQF Hence Z;; gj (x)h;(y) converges absolutely for almost
every (x,y) € E x 2. This proves part (a).

From part (a) the series Zj; gi(x)h;(y) f(y) converges absolutely for
a.e. (x,y) € E x Q. Part (d) now follows from the Lebesgue dominated con-
vergence theorem applied as in the “only if” part of the proof of Theorem 3.3.

We are now ready to give the main result of this section, the extension of
Theorem 3.3 to the setting of o -finite measures.

THEOREM 3.5. Let (2, M, (1) and (B, M', v) be o -finite complete measure
spaces. Let 0 < r < 1. Then T is r-nuclear operator from LP) (u) into
L4Y(v) if and only if there exist a sequence (g,) in L") (v) and a sequence
(hy) in LP"O () such that Z,fil ||gnII’L,,(_>(V)IIhnller,(_)(m < 00 and such that,

forall f € LPY (), we have
17w = [ (X aoh ) f01due).  forac.x
n=1

Moreover, if Q = B, = v, p(-) =q(-), p* < oo, and T is r-nuclear
in L (LPY(w)), then

Te(T) = Z(gna hy,) = /ngn(x)hn(x) dpu.
n=1 n=1

ProoF. For the characterisation it is enough to consider the case r = 1.
But that characterisation now follows from the same lines of the proof of The-
orem 3.3 by replacing the references to part (d) of Lemma 3.1 by part (d)
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of Lemma 3.4. On the other hand, since p* < oo the bounded approxima-
tion property holds and the trace is well defined. We observe that by defini-
tion (1.1) we can use the sequences g,, h, to calculate the trace, which gives
Tr(T) = Zflozl(g,,, h,). Moreover, the kernel k(x, y) = Z;’il gn(xX)h, (y) is
well defined on the diagonal since for p(-) = g(-), we have

ke, = [ 3 len (61
n=1

=3 [ lanhn (o)l
n=1

o
<Y lgnllzsowylall Loy < 00
n=1

Therefore, k(x, x) € L' (), k(x, x) is finite for a.e. x and

> (gns ) = fg > g (x) dp,
n=1 n=1

completing the proof.

4. Nuclearity on L?“ of operators on the torus

In practice the application of the concept of nuclearity requires an underlying
discrete analysis. A source of problems where this situation arises in a natural
way is the analysis of operators on compact Lie groups, due to the discreteness
of the unitary dual. More generally, a discrete Fourier analysis can be associated
to a compact manifold as well as a notion of global symbol as developed
in [8], [7].

In this section we apply the concept of r-nuclearity on variable exponent
Lebesgue spaces to the study of periodic operators on R” which we can realise
as operators on the torus T", and we point out that all the results in this section
have suitable extensions to the setting of compact Lie groups. Recent results on
the nuclearity on Lebesgue spaces on compact Lie groups and Grothendieck-
Lidskii formulae have been obtained in [6]. The trace formulas that we establish
here are expressed in terms of global toroidal symbols. We first recall some
notation and definitions for the Fourier analysis on the torus and the toroidal
quantization. The toroidal quantization has been analysed extensively in [41]
and [39], [40], following the initial analysis in [38].

We denote the n-dimensional torus by T" = R"/Z". Its unitary dual can
be described as T? ~ 7", and the collection {&(x) = €>™*K}iczm is an or-
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thonormal basis of L2(T"). We will use the notation (£) := 1+ |£|, where | - |
denotes the euclidean norm.

DEFINITION 4.1. Let us denote by & (Z") the space of rapidly decaying
functions ¢: 72" — C. Thatis, ¢ € S (Z") if for any M > O there exists a
constant C,, js such that

lo) < Cym(§)™

holds for all £ € Z". The topology on & (Z") is defined by the seminorms py,
where k € Ng and pi(¢) = supz: (€) 10 (£)].

In order to define the class of symbols that we will use, let us recall the
definition of the Fourier transform on the torus for a function f in C*°(T")
given by

(T )E) = f(§) = / e 7S f(x) dx.

n

One can prove that
Frn: C(T") — L (Z7)

is a continuous bijection. The reconstruction formula of f in the form of a
discrete integral or sum over the dual group 7" is the Fourier series

f) =" (Fn ) ).

Eeln

A corresponding operator is associated to a symbol o (x, &) which will
be called a periodic pseudo-differential operator or the operator given by the
toroidal quantization:

T, f(x) =Y &40 (x, E)(Fp ), (4.1)

Eezn

which can also be written as

i =Y [ oo 0. (42)
-H—Vl

Eeqn

We refer to [41] for an extensive analysis of such toroidal quantization.

In the rest of this section we will consider T" endowed with the Borel o-
algebra and the Lebesgue measure so that we will just write 2 (T") to denote
the corresponding class of variable exponents.



THE BOUNDED APPROXIMATION PROPERTY AND NUCLEARITY 315

THEOREM 4.2. Let p(-) € P(T") and 0 < r < 1. Let 6 (x, &) be a symbol
such that

S o (.80, < oo

gezn

Then T, is r-nuclear from LP© to L1V, for all g(-) € P(T"). If p* < oo
and q(-) = p(-), then T, is r-nuclear on L?)(T") and

Tr(T(,)=/ Y o(x.§)dx. (4.3)

T ez

In particular, if additionally r < 2/3, then

Tr(T,) =/ Y o Edx =Y 1, (4.4)
™ =

Eern

where Aj, (j = 1,2, ...) are the eigenvalues of T, on LPO(T") with multipli-
cities taken into account.

ProOF. We observe that for a pseudo-differential operator 7, of the form
(4.2) its kernel can be formally written in the form

k(x,y) =) M0 (x, £),

Eezn

We write g¢(x) = e g (x, £), he(y) = e~ 2"vE  Now, Mhe ()l peo =
|I1]] ¢0» < oo since the measure is finite. Hence

D oo, o e (0 = 1he (D D Nlo (L O, < 00,

Eezn ez

for all g(-) € 2(T"). An application of Theorem 3.5 yields the r-nuclearity
of T, from L?V to L4V for all ¢(-) € P(T"). The formula (4.3) for the trace
also follows from Theorem 3.5 since g¢ (x)he (x) = o (x, §). The formula (4.4)
follows from (4.3) and Grothendieck’s Theorem.

As an application, we will consider the composition of a multiplication
operator with a multiplier (an operator with symbol depending only on &) on
the torus T". Given a measurable function « on T”, we take the symbols o (x)
and o (§). The corresponding multiplication is the operator denoted by a7,
given by a7, f = ao (D) f on T".
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COROLLARY 4.3. Let p(-) € P(T"). Let 0 < r < 1, « € L”'V, and let
o (&) be a symbol such that

Y lo@)I < oo

el
Then aT, is r-nuclear from LP to L1V for all g(-) € P(T"). If p* < oo
and q(-) = p(-), then aT, is r-nuclear on L? (T") and
Tr(aT,) = / a(x)dx - Z o(§).
! Eern
If additionally r < 2/3, then
o
Tr(aT,) = / a(x)dx -y o) =) ki,
! gerr j=1

where A;j (j = 1,2,...) are the eigenvalues of aT, with multiplicities taken
into account.

Proor. Note that ||cx(-)c7(“§)||’”,(_) = ||0l||er/<.)|U($)|r, hence
Y (o @0 = llell; 0 Y lo @l < oo.
Eern Eern

An application of Theorem 3.5 concludes the proof.

In particular, let us consider the symbol o (£§) = (14+4x2|£]?) "2 fort > 0.
The corresponding multiplication yields the operator a7, f = a(I — A)~%/? f
on T". We observe that )", ;. (1 +47°|§|*) "/ < oo if and only if rz > n.
Consequently we obtain:

COROLLARY 4.4. Let p(-) € P(T"). If0 <r <1, a € L"O and rt > n,
thenaT, = a(I —A)" % is r-nuclear from LP) to L1V, forallg(-) € P(T").
If additionally p™ < oo and q(-) = p(-), then a(l — A)"7 is r-nuclear on
LPOT") and

Tr(atr = 2) ) = [ adx- Y+l

n
Eeqn

If additionally r < 2/3, then

Tr(a(l — A)"7?) = / a(x)dx - Z(l +4n?|E)H) 7 = Zx,-,
j=1

n gezn
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where Aj (j = 1,2, ...) are the eigenvalues of o.(I — A)"? on LPO(T") with
multiplicities taken into account.
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