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Abstract

‘We show that each G-analytic symmetric function on an open set of £ is analytic and construct
an example of a symmetric analytic function on £; which is not of bounded type.

Let ¥ be the group of permutations on the set of positive integers N. A
function f:¢; — C is called symmetric if for every 0 € ¥ and every
x=x1,...,%X,,...) € £, we have

f(xl,...,xn,...) = f(xg(l),...,xg(n),...).

Symmetric polynomials on £, (with respect to &) and on L,[0, 1] (with
respect to the group of measure-preserving permutationson [0, 1])for1 < p <
oo were first studied by Nemirovskii and Semenov in [10]. In [7], Gonzélez,
Gonzalo and Jaramillo investigated algebraic bases for various algebras of
symmetric polynomials on rearrangement-invariant spaces. In particular, they
proved that similarly to the classical finite-dimensional case, the polynomials

[e¢]
Fe)y=>"xf,  k=1.2,...
i=1

form an algebraic basis for the algebra of all symmetric polynomials on ¢;.

We use the notation % (£;) for the algebra of all polynomials on £; and
P (£,) for the algebra of all symmetric polynomials on £;. The completion of
2 (£) in the metric of uniform convergence on bounded sets coincides with the
algebra of entire analytic functions of bounded type 7, (£1) on £;. We denote
by 7,s(£;) the subalgebra of all symmetric functions in #(¢;). The algebra
Hps (L) was investigated in [5], [4], [6] (see also the survey [3]).

It is known that there are entire functions on infinite-dimensional Banach
spaces which are not bounded on some bounded subsets, that is, do not belong
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to #} (see e.g. [9, p. 544]). Unbounded entire functions were investigated by
many authors. For example, in [1] it was proved that there exists an entire
function on a Banach space which is bounded on one of two disjoint balls and
unbounded on the other. However, the question about existence of symmetric
entire functions which are not of bounded type on infinite-dimensional Banach
spaces has so far been open.

Let us recall that a function f on an open subset V of a Banach space X
is G-analytic if it is analytic on every finite-dimensional subspace intersected
with V. It is well known that in any infinite-dimensional Banach space there
are discontinuous G-analytic functions (see [9, p. 58] for details).

In this paper we show that each symmetric G-analytic function on an open
subset of ¢; is analytic. Also we construct an example of a symmetric entire
function which is not of bounded type. Finally we construct a simple example
which demonstrates the known fact that the homomorphism

A_:P(l) — P(Ly),
A_:F— —F,

1s discontinuous.

THEOREM 1. Let U be an open subset of €1 andlet f: U — Cbe a G-analytic
symmetric function. Then f is continuous and therefore analytic.

PRrROOF. Let B be an open ball in U such that

fE) =Y Pux)

n=0

forevery x € B, where P, are n-homogeneous polynomials and the series con-
verges pointwise. Such representation exists according to [9, Proposition 8.4].

Since f is symmetric, all polynomials P, should be symmetric. Let us show
that each symmetric polynomial P, is continuous.

Let Pn(’”) be the restriction of P, to the m-dimensional space V,,, = span(ey,
€, ..., en) CL, where{e}72, isthe standard basis of ;. Since F™, . Fm
form an algebraic basis in the space of all symmetric polynomials on V,, and
P, can be represented by an algebraic combination of polynomials
Fl(m), e Fj(m), where j = min(n, m), there is a polynomial gy, (#1, ..., ;)
on C/ such that

P (x) = gu(F" (x), ..., F" (x)),

forall x € V,,.
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If m > n = degP,, then j = n and g,, = ¢,. Indeed, otherwise ¢,, — gy,
would be a non-trivial polynomial on C* with (g,, —g,) (F\" (x), ..., F"(x))
= 0, which contradicts the algebraic independence of F 1("), .oy F™.So

Pu(x) = qu(F1(x), ..., Fy(x)),

x € £; and consequently P, is continuous. Therefore f is locally bounded and
so analytic [9, p. 67].

Note that the same arguments work if we replace £; by £,,, for 1 < p < oo.
The following lemma is a simple exercise from calculus.

LEMMA 2. Let Y 2 c,t"/n! be a power series whose radius of convergence
equals 1. Then for every fixed k, the series ZZO:() Cniit"/n! has the same radius
of convergence.

PROOF. Since y (1) = > o, c,t"/n! is analytic on the open unit disk D, its
kth derivative is analytic on D and its Taylor series expansion has the same
radius of convergence. On the other hand

d*y (1) _in(n—l)---(n—k—l—l)cnt”_k i cpt" K _ch+kt
ik~ n! ~ (n—k)!
and the result follows.
Forgivenx,y € £;,x = (x1, x3,...)andy = (y1, 2, .. .), the intertwining
(seee.g. [S]) of x and y, x @ y € €1, is defined by:
x ey =(x1,Y1,X2,¥2,...).

For a fixed sequence {c,} of complex numbers let us define, for each x € ¢;
such that series converges,

g) =) cnGlx),

where

Ga(¥)= ) xp X

ky<---<ky
and Gy = 1. Then the following theorem holds:

THEOREM 3. Suppose that g is well defined in the unit ball of £, centered
at zero. Then for every x° € £y, |x°| < 1, g is well defined at X = x™ o x°,
where x™ = (x1, ..., X, 0,...).
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ProoF. It is known [4] that

Gu(x ®y) =Y Gi()Gui(y).

k=0
Taking into account that Gy (x™) = 0 for k > m, we have
g(x)

= chG X)) = chGn(x(’”) o)

n=0 n

Gi(x"™)G i (x%)
k=0

I
WK
S

Il
o

—chG (x°)+G1(x<'">>ch - 1(x°)+G2(x<'">)ch w2 (x%) +

n=1 n=2
oo o0

H Gt 6" Y7 Gt () + G @) Y n G ().
n=m—1 n=m

The last equality has a finite number of terms

Ge(x™) Y caGui(x°).

n=k
Since |G, || = 1/n! (see [4, Lemma 3.1]), for each of the above terms we have
. 0 ||x<"’>||k - 0
Gex"™)[|D - enGri 60| < Z|cn+k|||Gn el
n=k
[Exl= ||x°||”
= k! | n+k|
' n=0

By Lemma 2, the series

||x°||"
Z |l

converges. So g is well defined at X

ExAMmPLE 4. Let (a,) be a scalar sequence such that the radius of conver-
gence of power series > - at zero is equal to 1. Let us define

an ¢n
n=0 1‘t

f(.X) = ZanGn(x)-
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Since |G, || = 1/n!, the radius of convergence of f at zero,

1

lim sup [la, G, ||/
n—oo

po(f) =

is equal to the radius of convergence of Y -, “t" at zero which is equal
to 1. Consider x € £;. Then there is a positive integer m such that x™ =
1o X 0,0, X0 = (Xpg1s Xmg2,-..) and y = x™ o x% € £, have
Ix° < 1 and P(x) = P(y) for every symmetric polynomial P. Since
00(f) = 1, the function f is defined at x°. By Theorem 3, f is well defined at y
and the equality G, (x) = G, (y) for every n implies that f is well defined at x,
with f(x) = f(y). By Theorem 1, f is analytic. So f is an entire symmetric
function, but it is not a function of bounded type, that is, f & Hp;(£1).

For a given sequence of numbers b = {b;} we consider a mapping Ap
which is defined on the algebraic basis of symmetric polynomials Fj by

Ay (Fy) = b Fy.

Obviously, this mapping can be extended by linearity and multiplicativity to a
homomorphism in the algebra of all symmetric polynomials % (€£). In [6] it is
shown that Ay, is continuous in the topology of #},;(¢1) and can be extended to
Hps (1) if and only if by = ¢(Fy) for some continuous complex homomorph-
ism ¢ on Hps(£1). In particular, A_ = Ay, forb=(-1,—-1,...,—1,...)isa
discontinuous homomorphism. The reader can find more about discontinuous
homomorphisms on %(€,) in [2]. The following example gives us a function
h € 9,5(€1) such that A_(h) & Fp5(£1).

ExAMPLE 5. Let us define
o0
h(x) = Z Gy (x).
k=0

By Waring’s formula (see e.g. [8]), we can write

G, = § —(M+ 1
_ 1 \k— Ao+ tA) A ) ] A
k ( 1) )\]'lkl' ‘)\'k'k)"/‘ll jk .
M2 o +-+krh =k . e !
1 2 k

On the other hand,

1
>
1A . . TEY
A+20 4. +hkA =k R ER IR WA ) 25
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Therefore
1
A—(Gk) = (—l)k_()‘1+)‘2+-~-+)»k)
A]+2)”2+Z+k)hk=k )\.1!1)‘1 e )\'k!k)”‘
X (_1)M+kz+-~+xk lel L FkAk
1
— k . )
= (=1 Z A1 ')»'kkkFll"“'Fkk
MA2h 4tk =k 1 e ke
and
IA_(Gy)| = Z 1 s
. - Al . TP BRI
D+ 2 g =k PRRA R W) 2
1
=l X _
- A . )
4200+ Ak =k AIAT e A kM
So,
po(A_(h) =1,
and thus A_(h) & J6,(Ly).
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