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POINTWISE REGULARITY FOR SOLUTIONS OF
DOUBLE OBSTACLE PROBLEMS
ON METRIC SPACES

ZOHRA FARNANA

Abstract

We study continuity at a given point for solutions of double obstacle problems. We obtain point-
wise continuity of the solutions for discontinuous obstacles. We also show Holder continuity for
solutions of the double obstacle problems if the obstacles are Holder continuous.

1. Introduction

The objective of this paper is to study continuity at a given point xq of the solu-
tion of the obstacle problem on certain metric spaces. The setting considered
here is that of a complete metric space X endowed with a metric d and a Borel
measure y which is doubling, i.e., there exists a constant C > 0 such that for
all balls B = B(x,r) :={y € X :d(x,y) <r}in X we have

0 <u@B) = Cu(B) < oo,

where TB = B(x, tr). The doubling property implies that X is complete if
and only if X is proper, i.e., closed bounded sets are compact. We also require
the space X to support a p-Poincaré inequality, see Section for the definition.
Nonlinear potential theory on metric measure spaces has been studied in
many papers, see for example Bjorn-Bjorn [1], [2], Bjorn-Bjorn-Shanmu-
galingam [3], [4],J. Bjorn [7], Cheeger [8], Heinonen-Koskela [13], Kinnunen-
Martio [16], Koskela-MacManus [19] and Shanmugalingam [23], [24].
There are several notions of Sobolev spaces in metric spaces; see for ex-
ample Cheeger [8], Hajtasz [11] and Shanmugalingam [23], [24]. We shall
follow the definition of Shanmugalingam [23], where Sobolev type spaces
N!'7(X) (called the Newtonian spaces) were defined as the collection of p-
integrable functions with p-integrable upper gradients. The notion of upper
gradients was introduced by Heinonen-Koskela [13], as a substitute for the
modulus of the usual gradient. Koskela-MacManus [19] extended the concept
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to p-weak upper gradients. Variational inequalities can then be used to define
p-harmonic functions as minimizers of the variational integral

)] /gﬁ du,

where g, denotes the minimal p-weak upper gradient of u, whose existence and
uniqueness were proved in Shanmugalingam [23]. The existence and unique-
ness of minimizers of (1) were shown in Shanmugalingam [24].

Let 1 < p < oo and let ©2 be a bounded open subset of X whose com-
plement has positive capacity. We minimize the variational integral (1) on
2 among all functions which have prescribed boundary values f and lie
between two given obstacles ¥, and y,. The minimizer is called a solution
of the Jy, y,, r-problem. The Dirichlet problem (the obstacle problem with
Y1 = —oo and ¥, = oo) for p-harmonic functions on metric spaces was
studied e.g. in Bjorn-Bjorn [1], [2], Bjorn-Bjorn-Shanmugalingam [3], [4],
Kinnunen-Shanmugalingam [17] and Shanmugalingam [24], [25].

In this paper we investigate the continuity at a given point x( of the solu-
tions of the double obstacle problem. The obstacles in this context are to be
regarded as quite general and irregular. In particular, they may be discontinu-
ous. We show that if the obstacles are not continuous, but satisfy a Wiener type
regularity condition, the solution is still continuous. This extends Theorem 5.4
from Maly-Ziemer [21] to metric spaces.

Although in R* p-harmonic functions are Lipschitz they need not be so in
the general setting of metric spaces, see p. 149 in Koskela-Rajala-Shanmu-
galingam [20]. Therefore, as p-harmonic functions are solutions of special
obstacle problems we can expect at most Holder regularity of our solutions.
Indeed, we show that the continuous solution of the single obstacle problem,
with locally Holder continuous obstacle, is locally Holder continuous. For
the double obstacle problem we prove that if the obstacles are locally Holder
continuous, then the continuous solution u is Holder continuous at every point
xo € . This does not directly imply that u is locally Holder continuous as
Example 4.2 shows.

Holder continuity of p-harmonic functions on metric spaces was obtained
in Kinnunen-Shanmugalingam [17]. In the Euclidean case Holder continuity
for solutions of the obstacle problems, with Holder continuous obstacles, was
obtained in Kilpeldinen-Ziemer [14] and Michael-Ziemer [22].

2. Notation and preliminaries

A nonnegative Borel function g is said to be an upper gradient of an extended
real-valued function f on X if for all rectifiable curves y : [0,/,] — X
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parameterized by arc length ds, we have

@) F O O) — Fr )] < / ¢ ds

14

whenever both f(y(0)) and f(y(/,)) are finite, and fy g ds = oo otherwise.

If g is anonnegative measurable function on X and if (2) holds for p-almost
every curve, then g is a p-weak upper gradient of f.

By saying that (2) holds for p-almost every curve we mean that it fails
only for a curve family with zero p-modulus, see Definition 2.1 in Shan-
mugalingam [23]. If f has an upper gradient in L?(X), then it has a min-
imal p-weak upper gradient g € L”(X) in the sense that for every p-weak
upper gradient g € LP(X) of f, g < g a.e., see Corollary 3.7 in Shan-
mugalingam [24].

We shall use the following definition of Sobolev type spaces which is equi-
valent to the one introduced in Shanmugalingam [23].

DEeFINITION 2.1. Letu € LP(X), then we define

1/p
oy = ([ anc+ [ eran)
X X

where g, is the minimal p-weak upper gradient of u. The Newtonian space on
X is the quotient space

N'P(X) = {u : ullnir) < 00}/ ~,

where # ~ v if and only if ||u — v||N.r(x) = 0.

The space N7 (X) is a Banach space and a lattice, see Theorem 3.7 and
p- 249 in Shanmugalingam [23].
The capacity of a set E C X is defined by

_ p
Cp(E) = inf [ullf., .

where the infimum is taken over all u € N"7(X) such thatu > 1 on E.

We say that a property holds quasieverywhere (q.e.) in X, if it holds every-
where except on a set of capacity zero. Newtonian functions are well defined
up to sets of capacity zero, i.e., if u,v € N7 (X) then u ~ v if and only if
u = v q.e. Moreover, Corollary 3.3 in Shanmugalingam [23] shows that if
u,ve N'"?(X)andu =vae. thenu = v qe.

From now on we assume that X supports a p-Poincaré inequality i.e., there
exist constants C > 0 and A > 1 such that for all balls B(z,r) in X, all
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integrable functions # on X and all upper gradients g of u we have

1/p
][ |M—M3<z,r)|dM§C7’<][ gde> ,
B(z,r) B(z,Ar)

where up( ) = fB(“) udp = pu(B(z,r))"! fB(“) udu.

Under the above assumptions, every function u € N7 (X) is quasicontinu-
ous, i.e., for every € > 0 there is an open set G C X such that C,(G) < ¢ and
ulx\g is continuous, see Theorem 1.1 in Bjorn-Bjorn-Shanmugalingam [5].
Moreover, when restricted to R, the Newtonian space N'-”(R") is the refined
Sobolev space W!”(R"), as defined in Chapter 4 in Heinonen-Kilpeliinen-
Martio [12].

We say that f € Nll(;f(SZ) if f € N'"7(Q') for every Q' CC €, where by
Q' cc Q we mean that the closure of ' is a compact subset of Q2. Let also

Ny7() = {ulg :u e N"?(X)andu = 0in X \ Q}.

The following definition is slightly different from the notation used in
Kinnunen-Martio [16]. We use g.e. inequalities rather than a.e. inequalities
as in [16], for more discussion see p. 265 in Farnana [10].

DErFINITION 2.2. Let V C X be a nonempty bounded open set such that
Cp(X\V)>0,let f e N'’(V)and ¢; : V — R,i = 1, 2. Then we define
the obstacle problem with obstacles v, ¥, and boundary values f by

gy (V) ={v e NP (V) :v—f e Ng?(V)and ¥ < v < ynge.inV}.

Furthermore, a function u € Jy, y, (V) is a solution of the Ky, y, r(V)-
problem if

/gfdug/gfdu forall v e Jy, y, (V).
v 14

We also let ‘%fgbmﬁz,f = t%/w]’wz’f(gz), y(;p’f(V) = y/fw’on(V) and ’7[‘//’f =
Ty £(R2).

A function u € Nll(;f (£2) is a minimizer in Q if it is a solution of the
H—o.u(2')-problem for every open Q' CC Q. Also u is p-harmonic in Q
if it is a continuous minimizer. Similarly, a function u € N]I(;f (2) is a su-
perminimizer in  if it is a solution of the J7, , (€2')-problem for every open
Q' cc Q. In [16], Kinnunen and Martio showed that if u is a solution of the
Jy. p-problem;, then it is a superminimizer in 2 and its lower semicontinu-
ous regularization u*(x) := essliminf,_,, u(y) equals u g.e. in & and is the
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unique lower semicontinuously regularized solution. Moreover u* is super-
harmonic, see e.g. Kinnunen-Martio [16] for the definition of superharmonic
functions.

We shall need the following results from Farnana [10]. We let u . = max{u,0}
be the positive part of u.

LEMMA 2.3. Let Y, ¥/, ¢, ¢' : Q@ — Rand f, f' € N'P(Q). Let u be a
solution of the Jy. ¢ ¢-problem and u’ be a solution of the . g f-problem.
Assume that (f — f'), € N(l)’p(Q) and that v < Y' and ¢ < ¢’ g.e. in Q.
Thenu < u' g.e.in Q.

LEMMA 2.4. Lety; : @ — R i = 1,2, and f € N'P(Q). Let u be a
solution of the Jy, y,, p-problem, V. C Q be open and k € R. If yr, > k g.e. in
V, then uy = min{u, k} is a superminimizer in V.

The following result, which we will need later, is a combination of The-
orem 4.2 and Remark 4.4 in Kinnunen-Shanmugalingam [17] and Theorem 4.4
and Remark 4.5 in Kinnunen-Martio [16]. It shows that the solution of the
single obstacle problem is locally bounded from above if the obstacle is loc-
ally bounded from above.

THEOREM 2.5. Let B(x,2r) C Q and k > ¥ g.e. in B(x,2r). Let u be a
solution of the Iy s (2)-problem. Then for all g > 0 and r > 0,

1/q
esssupu§k+C<][ (u—k)idu) )
B(x,2r)

B(x,r)

REMARK 2.6. The comparison Lemma 2.3 between a solution u of the
Hy, v, p-problem and a solution v of the J7y, -problem implies that u < v
g-e.in €2, hence a.e. This together with Theorem 2.5 implies that  is essentially
locally bounded from above if v/ is essentially locally bounded from above.
Similarly it follows that u is essentially locally bounded from below if ¥, is
essentially bounded from below, using that —u is a solution of the 7#_y,, _y, —f-
problem.

3. Continuity in the presence of irregular obstacles

In this section we will initiate a study of the regularity of solutions of the
double obstacle problems. Since we are concerned with pointwise regularity,
we will consider a fixed point x € 2 throughout the rest of this section.

The relative capacity of E CC B with respect to a ball B is

Cap, (E, B) = inf / g dp,
u B
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where the infimum is taken over all u € N(l)’p (B) suchthatu > 1 on E.
Aset E C Xis p-thinatx € X if

< 00,

! /Cap,(E N B(x,1), B(x,2t)) V=D g,
/0 ( Cap,(B(x, 1), B(x, 21)) ) 3

and G C X is p-finely openif X\ G is p-thinatevery x € G. The complement
of a p-finely open set is called p-finely closed. The p-fine open sets generate
the p-fine topology which is finer than the metric topology, see J. Bjorn [7],
Kinnunen-Latvala [15] and Korte [18]. In the Euclidean case the p-fine topo-
logy was studied in Maly-Ziemer [21].

DEerINITION 3.1. A point xg is called a Wiener point relative to the obstacles
Y1 and Y, if

p-finelim sup ¥r; (x) = C,-lim sup ¥ (x),

(3) X—)_TC() . '_X'—>.JCO
p-fine lim inf v> (x) = C,-lim inf ¥ (x)
X=X X—Xo
and
“4) Cp-lim sup ¥ (x) < Cp-liminf 2 (x).
X—>X0

X—>Xq

Here C,-limsup and C,-liminf stand for essential limits up to sets of
capacity zero, while p-fine lim sup and p-fine lim inf stand for limits in the
p-fine topology.

REMARK 3.2. The inequality (4) is necessary even if we just want to insert
a function continuous at xy which lies gq.e. between /| and ;.

A function u is p-finely continuous at x if u(xo) = p-finelimsup, _, . u(x)
= p-fineliminf, , u(x).Ifu € N!'7(Q) then u is p-finely continuous at g.e.
x € 2, see Theorem 4.6 in J. Bjorn [7].

We say that a function u is p-finely represented if u is defined everywhere

in 2 and
p-fineliminf u(y) < u(x) < p-finelim sup u(y)

y—>Xx y—x

for each x € Q. By Theorem 4.6 in J. Bjorn [7] every function u € N'7(Q)
can be p-finely represented, e.g.

x > p-fineliminf u(y) and x > p-fine lim sup u(y)
y—x y—>x



POINTWISE REGULARITY FOR SOLUTIONS 191

are p-fine representatives of u. The following result extends Theorem 5.4 from
Maly-Ziemer [21] to metric spaces. The proof below has been inspired by the
proof in [21].

THEOREM 3.3. Let f € NVP(Q), ¥ : Q — [—00,00) and ¥y : Q —
(—o00, o). Let xg be a Wiener point relative to yr; and yry and let u be a p-
finely represented solution of the Jy, y, r-problem. Assume also that v, is
bounded from above in a neighbourhood of xy and Vr, is bounded from below
in a neighbourhood of xy. Then

(®)] Cp-lim sup 1 (x) < u(xp) < Cp-liminf v, (x).

X=X X—>Xo
Moreover u is real-valued continuous at x.

Note that in Theorem 3.3 we allow C,-lim sup, _, , ¥ (x) to take the value
—oo and C,-liminf,_, ,, ¥2(x) to take the value oo.
Proor. Let

u(x) = p-fine liminf u(y) and u(x) = p-finelim sup u(y).

y—=>x y—=x
Note that for every k € R we have

p-fine lim inf (min{u, k})(y) = min{u, k}(x) =: u; (x),

y—>x

p-fine lim sup(min{u, k})(y) = min{u, k}(x) =: ux(x)

y—x

and
ess lim inf (min{u, k})(y) = min{u®, k}(x) =: u;(x),
y—x

where u*(x) = essliminf,_, , u(y).
Next, as u is p-finely represented we have

(6) u<u<u everywhere in 2.

Choose k < C,-liminf,_, , ¥2(x). Then there exists r > 0 such that B(xo, r)
C 2, ¥, is bounded from below in B(xp,r) and k < ¥ (x) for q.e. x €
B(xg, r). It follows that u; := min{u, k} is a superminimizer in B(xg, r),
by Lemma 2.4. Then the lower semicontinuous regularization uj of u; is a
superharmonic function and hence p-finely continuous by Theorem 4.4 in
J. Bjorn [7] (or Theorem 4.3 in Korte [18]). This and the fact that u} = u; q.e.
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in Q imply that, for x € B(xy, r),

u, (x) = p-fineliminf uy (y) = p-fine lim inf u} (y) = u; (x)

y—>Xx y—x

= p-fine lim sup u; (y) = p-fine lim sup uy (y) = uz (x).

y—x y—=>Xx

This and (6) show that u; = u; everywhere in B(xo, ). Hence u; is both lower
semicontinuous and p-finely continuous at xo, whenever k < C,-liminf,_,
Ya(x). As for k = ko := Cp-liminf,_, Y»(x) < oo we have uy 7 uy,
uniformly as k 7 kq. Then for every ¢ > 0,

U, (X0) < Ugy—e(x0) + & < liminf uy,_.(x) + & < liminf uy, (x) + .
X—> X X—Xo

Since ¢ > 0 was arbitrary this shows that uy, is lower semicontinuous at xo.
Similarly we conclude that uy, is p-finely continuous at x¢, using that uy is
p-finely continuous for all & < k¢ and that u; ,* uy, uniformly in €2, as
k 7 k.

Let k be a real number with

C,-limsup ¥ (x) < k < Cp-liminf 2 (x).
—> X0

X—X x*
Then we obtain

u(xo) > u(xo) = p-fine lim uy (x)
X—>X0

> p-fine lim sup ¥ (x) = C,-lim sup ¥; (x).

X—>X0 X—>X0

Similarly, as —u is a p-finely represented solution of the %7, _y, _ s-problem,
we have that u(xg) < C,-liminf,_, , ¥ (x) and hence (5) is established.

Next, we show that u is real-valued at xy. As i is bounded from above in
a neighbourhood of xg, there exist # > 0 and M € R such that ¥y < M in
B = B(xo, r). Applying Remark 2.6 to the ball B implies that u < M’ < co
g.e. in B for some M’ € R. Since u is p-finely represented we have u < u <
M’ < oo everywhere in B. Similarly we get that u > —oo in a neighbourhood
of X0-

Finally we show that u is continuous at x¢. As u is real-valued at xo we can
take k = u(xp) < C,-liminf,_,  ¥>(x). Then u; is lower semicontinuous at
Xo, by the the first part of the proof. It then follows that

u(xp) = ur(xg) < liminf ug(x) < liminf u(x).
X—>X0o X—>X0



POINTWISE REGULARITY FOR SOLUTIONS 193

Hence u is lower semicontinuous at xq. Using this and the fact that —u is a
p-finely represented solution of the J#_y,, _y, _ s-problem, we get that

u(xo) = —(—u)(xo) = —liminf(—u)(x)

= limsupu(x) > liminf u(x) > u(xyp),
X=X X—Xo

which shows the continuity of u at xo.

From Theorem 3.3 we get the following immediate corollary. It extends
Theorem 3.9 from Farnana [10] where the continuity of u in 2 was proved for
real-valued continuous obstacles.

COROLLARY 3.4. Let Y : Q — [—00,00) and ¥, : Q — (—00, 00] be
continuous (as R-valued functions) at xo € Q. Let u be a p-finely represented
solution of the 3y, y, r-problem, where f € N"“P(Q). Then u is continuous
at xo (as a real-valued function). In particular if r; and ¥, are extended
real-valued continuous on 2, then u is real-valued continuous on S2.

4. Holder continuity of the solutions

It was shown by Kinnunen-Shanmugalingam [17] that p-harmonic functions
are locally Holder continuous. In this section we extend this result to obstacle
problems with Holder continuous obstacles. Similar results in R" have been
obtained by Kilpeldinen-Ziemer [14] and Michael-Ziemer [22]. Although, in
R*, p-harmonic functions are Lipschitz they need not be so in the general
setting of metric spaces, see p. 149 in Koskela-Rajala-Shanmugalingam [20].

We shall need the following result, for a proof see Theorem 9.2 in A. Bjorn-
Marola [6].

THEOREM 4.1. If u is a nonnegative superminimizer in 2, then there are
q > 0 and C > 0 independent of u such that

1/q
<][ uqdu> < Cessinfu
B(x,2r) B(x,r)

for every ball B(x, r) such that B(x, 20\r) C .

Here X is the dilation constant in the Poincaré inequality.
We say that f is Holder continuous at xy if there exist » > 0, « > 0 and
C > 0 such that, for all x € B(xg, r), we have

| f(x) = f(xo)| < Cd(x,xp)”.
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We also say that f is locally Holder continuous in 2 if for each xg € Q
there exist » > 0, « > 0 and C > 0 (depending on xy) such that for all
X,y € B(xp, r), we have

If () = FODI = Cd(x, y)©.

Note that Holder continuity of f at every xo € €2 does not imply, in general,
that f is locally Holder continuous as the following example shows.

ExampPLE 4.2. The function

xsine!*, x>0,

f(X)Z{O’ <0

is continuously differentiable in R \ {0}. Hence it is Holder continuous (even
Lipschitz continuous) at every pointin R\ {0}. As | f(x)| < |x| atevery x € R
we also have that f is Holder continuous at x = 0. Thus f is Holder continuous
atevery x € R. But f is not Holder continuous in any neighbourhood of zero.
If f were Holder continuous in a neighbourhood of zero then there would exist
&£ >0,C > 0and o > 0 such that

lf(&x)— fO <Clx —y|* forall x,y e B(0,e¢).

Let 1 1

and

Y= log(2n — %)

= 10g(27m + %) 3

for n € N sufficiently large so that 0 < x < y < e. Then we have

1

) FE =T =xdy >y > o

On the other hand we have
log(2zn + Z) — log(27nn — Z
ey o 3) —Tog(amn — %)

log(2rrn + %) log(Znn — %)

log(l + ﬁ) — log(l — ﬁ)
(log(27n))?

®)

IA
()

IA

S

It follows from (7) and (8) that for sufficiently large n we have

1 2\“ .
|f(X)—f()’)|Zlog(Tn)>C<;> > Clx — yl%,
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a contradiction. Hence f is not Holder continuous in any neighbourhood of
zero.

THEOREM 4.3. Let v : Q — R be locally Holder continuous and f €
N'P(Q). Let u be the continuous solution of the ¥y r-problem. Then u is
locally Holder continuous in Q2.

Proor. Let B = B(xg, R) and 20LB C 2, where A is the dilation constant
from the p-Poincaré inequality, be such that v is Holder continuous in 2B,
with exponent « and constant Cy. Let also, for 7 > 0,

u(r)= inf u and u(r)= sup u
B(xg,r) B(xo,r)

and similarly for . As u —u (201 R) is a nonnegative superminimizer in 20\ B
it follows from the weak Harnack inequality, Theorem 4.1, that there are ¢ > 0
and C; > 0 such that

u(R) = w(20%.R) = inf (u — u(20%.R))
9 1 1/q
> —( (u — u(20AR))? d,u) .

Ci\Jas

We consider two cases. First assume that ¥ (2R) < u(20AR) which implies
that u(20AR) > 1 in 2B. The weak Harnack inequality, Theorem 2.5, then
implies that, for some C, > 0, we have

1/q
u(R) — u(20AR) = sup(u — u(20ALR)) < Cz( (u — u(20AR))? du) .
B

2B

This and (9) imply that
(10) u(R) —u(20AR) < C,Co(u(R) — u(20AR)).
Next suppose that ¥ (2R) > u(20AR). It follows that
(u — V¥ Q2R)y < (u —u(20AR))4 = u — u(20AR), in 20)1B.

The weak Harnack inequality, Theorem 2.5, then imply that

1/q
#w(R) — ¥ (2R) < Cz( (u—YQ2R)L du)

2B

1/q
< Cz( (u — u(20AR))* du) ,
2B
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for some C, > 0. This and (9) give
#(R) — ¥ (2R) < C1Co(u(R) — u(20AR)).

As  is a-Holder continuous in 2B we have u(2R) > Y (2R) > VY (Q2R) —
Co(2R)“. Then it follows that

#(R) — u(20AR) = @(R) — u(2R) + u(2R) — u(20AR)
<u(R) — ¢ (2R) + u(R) — u(20AR)
<u(R) — ¥ (2R) + Co(2R)* + u(R) — u(20AR)
< (C1Cy + D)((R) — u(20AR)) + Co(2R)*.

So in both cases we have, with C3; = C1C, + 1,
(1) u(R) — u(20AR) < C3(u(R) — u(20AR)) + Co(2R)".

Now, suppose that

u(R) — w(201R) < < +1 & @(R) — u0LR)).

We use this and (11) together with the fact that u(R) > u(20AR) and u(R) <
u(20AR) to conclude that
u(R) —u(R) < C3(M(R) — u(20AR)) + Co(2R)"

(12)
(@(20AR) — u(20AR)) + Co(2R)“.

= 1+c
On the other hand if u(R) — u(20AR) > 1= (@(R) — u(20%R)), we have
u(R) —u(R) =u(R) — u(20AR) — (u(R) — u(20AR))
< ﬁ(R) — u(20AR) — 7 (@(R) — u(20%R))
(#(20AR) — u(20AR)).

— 1+C

Letting osc,p u = sup, z u — inf; p u, we thus have in both cases that
(13) oscu <y osc u + Co(2R)*,
B 20AB

C3

where y = ; < 1 is independent of R and «. To complete the proof we
iterate inequality (13). Choose 0 < R < 1/2 and

0 < o' < min{a, —logy/log20A}.
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Then, we get that (200)*'y < 1, which will be needed below, and that

14 < 2R)Y.
(14) ogcu_yg)i%u+co( )

Letr € (0, R) be arbitrary and j € N be such that (201)/~! < R/r < (201)/.
Applying (14) to the balls B; = B(xy, (20A)'r),i =0,1,2,...,j — 1, we
obtain
< 2 o
oBsOcu <vy oBs]cu + Cy(2r)

<y? oscu + Co2¥ (200" y + Dr¥
2
<yt oscu + Co2” (200 y) 2+ oo 4+ Dr
j—1

C(/
Co2 y

< yi-l 0
=Vt T T aony

where we use the fact that (201)%y < 1. By the choice of j we conclude that

yj—l — (20)“)(j—1)10g)’/10g20)‘ — (20)\,)05”((20)\.)]')_“”

" R _a” " r a”
= (200 (—) = (200)* (E) ,
r

where o = —logy/log20A > 0. Hence we get, using that /R < 1 and
o < O[”,

7

Co2%

osc u < (200 [ = 0s¢ U+ ——————r
B(xo.r) = (204) (R) B(x0.R) 1 — (201)9 y

(200« Co2¥ o
< - osC U+ —————— |r .
R*  B(x,R) 1 — 2010y

Now, fix r € Rsuch that 0 < 2r < R < 1. Then, for x, y € B(xq, r), we
consider two cases. Firstlet r < d(x,y) < 2r < 1. This and (15) imply that

lu(x) —u(y)| = osc u
X0,r

B(xo,r)
(16) (200)*" Co2” ,
< — osc U+ —————— |d(x,y)".
R Bk 1— 200y

Next, if d(x, y) < r < 1, then choose s > 0 such that s/2 < d(x,y) <
s <r < R/2.Then (15) with B(xg, r) and B(xg, R) replaced by B(y, s) and



198 ZOHRA FARNANA

B(y, R/2) implies that

lu(x) —u(y)] < osc u

B(y.5)
((20»**” Co2” ) o
< 7 0SC U+ —————— |
(R/2)* B(.R/2) 1 — 2010y
(17 o 200)% Co o
<2l ——— osc u+-—r——
RY  B(xo.R) 1 — 200>y
[ 200)" C /
<4 ( ) 0s¢ U+ ———— Jd(x,y)*.
RY  B(x.R) 1 — 200y

Thus we conclude from (16) and (17) that we can find C > 0 such that for
X,y € B(xg, r) we have

lu(x) —u(y)| < Cd(x, y)*,

where C depends only on R, «” = —log y/log20x, the oscillation of u on
B(xp, R) and the Holder exponent of . Since xo € €2 was arbitrary we see
that u is locally Holder continuous in €2.

For the double obstacle problem we have the following weaker result.

THEOREM 4.4. Let Yr; : Q@ — R, i = 1,2, be locally Holder continuous
and f € N“P(Q). Let u be the continuous solution of the Hy, y, r-problem.
Then u is Holder continuous in 2 at every xg € S2.

Note that Holder continuity of u at every xo € €2 does not imply, in general,
that u is locally Holder continuous as Example 4.2 shows.

PrOOF. Assume first that ¢ (xg) < v»(xg). Note that either u(xg) <
Yo (xg) or u(xg) > ¥i(xg). If u(xg) < ¥o(xp) find e > 0 and B = B(xg, r)
such that u(xg) + & < ¥ (xop) — ¢ and that

supu <infu+e=:k and inf ¥, > Yrp(xg) — &.
B B B

It follows that X > u in B and that

kzigfu+EEU(xo)+8§lﬁz(xo)—SSi%flﬁle/fz in B.

Lemma 2.4 then implies that # = min{u, k} is a superminimizer in B. Thus
u is a solution of the J7, , (B)-problem. Two applications of the comparison
Lemma 2.3 between the continuous solution of the J7y, ,(B)-problem and
u, once as u is the continuous solution of the J7y, y, .(B)-problem and the
other as u is the solution of the J, , (B)-problem, then implies that u is the
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continuous solution of the 7, , (B)-problem. It follows from Theorem 4.3
that there exists a ball B(xg, r’) C B such that

lu(x) —u(y)| < Cd(x, y)* forall x,y € B(xg,r’).

Similarly, if u(x¢) > ¥ (xo) we conclude that —u is the continuous solution of
the J7_y, _.(B(xo, s))-problem, for some s > 0. Hence u is Holder continuous
in B(xg, s"), for some 0 < s’ < s.

Next, if ¥ (x9) = ¥2(x9), then u(xg) = ¥ (x9) = ¥2(xp), by continuity.
Fix B = B(xy, r) such that ¥; and v, are Holder continuous in B. Then using
that v, is Holder continuous in B we get that, for x € B,

u(xo) — u(x) < ¥i(xo) — ¥1(x) = Crd(xo, )™,

for some C| > 0 and «; > 0. Similarly, using that v, is Holder continuous in
B, we obtain

u(x) — u(xg) < ¥2(x) — ¥a(xo) < Cad(xg, x)*,

for some C, > 0 and o > 0. Hence u is Holder continuous at x.
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