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COMPLEX PREDUALS OF L; AND
SUBSPACES OF [ (C)

NIELS JORGEN NIELSEN and GUNNAR HANS OLSEN

Introduction.

In the present paper we investigate the structure of complex preduals of L,
and the problems concerning norm preserving extensions of compact
operators. Most of the results are known in the real case, but the complex case
does not follow from these in a straightforward manner; in fact, in many
respects the complex case is much more complicated and requires often
different proofs. Many of the proofs here give other methods to show the
corresponding real result.

We now wish to indicate in greater detail the arrangement and the results of
this paper.

In section 1 we start by investigating the structure of those finite dimensional
spaces, which embed isometrically into I7, for some n. This leads then up to the
main result of the section, which states that if X is a complex predual of L, and
E,c X, E,c X are finite dimensional spaces, so that E, embeds isometrically
into I’ for some n, then for every £¢>0 there is an F£X with E,cF, F
isometric to 7 for suitable m and d(x,F)<e for x € E,, |x||=1. The
corresponding real result was proved by Lazar and Lindenstrauss [16]. The
proof given here provides an alternative way of proving the real result. The
main brick in the proof is a complex version of the Lazar selection theorem,
recently proved in [26]. The result is then used to give a new and very short
proof of the Hirsberg—Lazar characterization of preduals of L,, whose unit ball
contains an extreme point.

Section 2 is devoted to the study of norm preserving extensions of compact
operators. We first prove that if E is a finite dimensional space, whose unit ball
is the absolutely convex hull of finitely many points, then every point in Bg can
be represented as a combination of extreme points so that the coordinate
functions are continuous. The real case is due to Kalman [12]. While his proof
is geometric, the proof here uses an argument on extension of operators, based
on the main theorem of section 1, but in the real case we do not need this
theorem.
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The previous results of the paper are then used to characterize those preduals
X of L, with the property that every compact operator with image in X can be
extended preserving the norm. The corresponding real result was proved by
Lazar and our proof follows his ideas. We end the section by proving that
every predual of /, is isomorphic to an % ,-space, a result due to W. B.
Johnson and the first named author.

0. Notations and preliminaries.

In this paper all Banach spaces are assumed to be complex spaces unless
otherwise stated, and throughout the paper we shall use the notation and
terminology commonly used in Banach space theory as it appears in [22], let
us just here recall that if X and Y are Banach spaces, then the Banach distance
d(X,Y) is defined by

d(X,Y) = inf{|IS| IS~ | S is isomorphism of X onto Y}

and if X and Y are not isomorphic we put d(X, Y)=o0c.

For every natural n we let {e; | 1<j<n} denote the unit vector basis of I
and {ef | 1<j<n} its biorthogonal system, ie. the unit vector basis of /7.
Further we let T be the unit circle in C, and if x and y are vectors in a Banach
space, then we say that x and y are T-equivalent, if there is a t € T so that x=ty.

If X is a Banach space we let By denote the unit ball of X, and for a convex
set K< X we let 6.K denote the extreme points. A compact absolutely convex
set K < X is called a complex polytope, if there exists a finite set A £0.K so that
0. K=T-A.

Let E and F be locally convex spaces and denote by c¢(F) the set of all non-
empty convex subsets of F. If K< E is convex and ¢: K — c(F), then ¢ is
called convex, provided:

Ap(x)+ (1= (xz) £ @(Ax, +(1—2)x;)

for all x,,x, € K and 4 € [0,1].

The map ¢ is said to be lower semicontinuous if {x € K | e(X)NU*} is
open for every open subset U of F. Finally when K is absolutely convex, we say
that ¢ is T-symmetric, if p(tx)=t¢(x)for all t € Tand x € K. By a selection for
¢ we mean a map f: K — F such that f(x) € ¢(x) for all x € K. Else our
general reference in convexity is Alfsen’s book [1].

1. Structure theorems for preduals of L,.

Before we prove the main theorems of this section mentioned in the
introduction, we need the following easy proposition on complex polytopes:
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1.1. ProposITION. Let E be a finite dimensional Banach space, then Bg is a
complex polytope, if and only if there is an n € N and an operator I — E taking
the unit ball of I onto the unit ball of E.

Proor. Assume first Bg is a complex polytope, and let x,,x,,...,x, be
extreme points of Bg, mutually non T-equivalent, and so that J.Bg
=T-{x;,Xz,- .., X,}. If we define S: I} — E by:

n n
S(Z tjej> = ) tx;;  tyty,...t,€C;
i=t i=1

then it is obvious that S has the required properties.
If S: If — E satisfies the conditions in the proposition we put

A = {e;| S(e) e d.Bg} .

If x € 3.Bg, then S~ (x)N By is a compact face of Bp and hence it contains an
extreme point, thus there is an index j and t € T, so that S(te;)=x, but then
e;e A, and x € T-S(A4). Hence 0.B;=T-5(4).

1.2. CoroLLARY. Let E be a finite dimensional Banach space. Then E embeds
isometrically into I, for some n if and only if Bg« is a complex polytope.

We are now ready to state and prove the main theorem of this section.

1.3. THEOREM. Let X be a predual of L, and let F, and F, be finite
dimensional subspaces of X with F, isometric to a subspace of IYo for some k.
Then for every >0 there is a subspace E of X with F, S E, d(x, E)<¢ for every
x € Bp, and so that E is isometric to Iy, for suitable m.

Proor. It is enough to prove the theorem in the case dim F, =1, the general
case will then follow by induction. Hence let ¢>0, {y; i 1<i<n} be a unit
vector basis for F, and z a unit vector in F,. We define R: Bys - CxC" by

Rx* = (x*(@,X*()-- > x*());  x* € Bys;

and put W= RBy.. Denote by D, the disc in C with radius ¢ and center 0 and
let P: C x C" — C" be the canonical projection. Since by our assumptions and
corollary 1.2 P(W) is a complex polytope and J.W is totally bounded we can
find mutually non T-equivalent extreme points w;, w, ..., w,, of W, so that if
W'=conv (T-{wy,...,w,}), then P(W)=P(W’) and

(1 {zeC| v eW} c{zeC| (zv)e W}+D,.

Define S: I"*! — Cx C" by
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() Sle) =w; 1s5jsSm
S(em+1) = (50,...,0).
Let B be the unit ball of C® I1(C), then by (1)
S(B) =2 W.

Let ¢(It*") denote the set of all closed convex subsets of IT*! and define
U, ¥, ¥, Bys — (™) by:

©)] ¥, (x*) = S™Y(Rx¥)
o _ J{te} if Rx* =tw, teT, ksm
valxh) = {B else )

Y(x*) = ¢y (x¥) NP,y (x*).

It is easy to see that y is convex and T-symmetric. We wish to show that ¢ is
lower semicontinuous when By is equipped with the w*-topology. If U is an
open subset of I"*!, then the sets

Aj={teT| te;¢ U}, 1<jsm

are compact, and since IT'*! is finite dimensional, the set R™!(SU) is a w*-open
subset of Bys; therefore the set

{x*| y:x®NU+Z} = RTYSUN\U {tR™'(w) | te 4}
j=1
is w*-open in Bys. This proves that i is lower semicontinuous. By the complex
analogy of Lazar’s selection theorem [26, theorem 4.2] { admits an affine, T-

symmetric and w*-continuous selection ¢. For k=1,2,...,m+1 we define
x, € X by

4) x*(x) = ef(p(x*), x*e By '

Let a,,a,,...,a, € C. By the definition of ¥, we now get:

Y oax| = sup{x*(z oc,-x,-)

i=1 i=1

sup{ Y aer(e(x®)| | x* e Bx.}
i=1

sup{ ee B,r}

sup {lo;| | 1<ism}.

x* e th}

3 wer

I
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This gives that the linear span of {x,}p, is isometric to I7. By (4) and the
definition of y; we get for all x* € By«:

(5) Rx* = S(p(x*) = kzl X*(x W+ x* (X4 1), 0,...,0) .
If we put w,=(w))}2{, we get by looking on (5) coordinatewise
(6) Ve = i witlx, 1=<k=Zn
j=1
and
(7) - i wix,|| < &
i<

so the proof is complete.

As a corollary of the above theorem we can take out the next result, proved
in the real case by Lazar and Lindenstrauss [16]. This is a slightly stronger
version of the main result of Michael and Pelczynski in [23].

1.4. THEOREM. Let X be a separable predual of L, and let F< X be a finite
dimensional space which embeds isometrically into I¥, for some k. Then there
exists an increasing sequence (E,)5, of finite dimensional subspaces of X with
X=U, E,and so that FSE,,dimE,,, =1+dim E, and E, isometric to [4™mEx,

Proor. The result can be proved as in [16] by using our theorem 1.3 instead
of their theorem 3.1. The fact that the E,’s can be chosen to satisfy dimE, ;=
1+dim E, follows from [23].

We pass now to give an alternative proof of a functional representation
theorem for complex preduals of L, whose unit ball has an extreme point, due
to Hirsberg and Lazar [10]. A simpler proof than the original one was given by
Lima [17].

1.5. THEOREM. Let X be a predual of L,, whose unit ball has an extreme point
e. Let
S = {x*e X*| x*(e)=1=|x*||}

be equipped with the w*-topology. If y: X — C(S) is the natural map defined by
Y(x)(x*)=x*(x), x* € S, then Y is an isometry, which maps X onto the space of
w*-continuous complex affine functions on S and Y(e)=1.
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Proor. Clearly y(e)=1 and ||y (x)|| < ||x| for all x € X. Let y € X with |y
=1. We wish to show that ||y(y)|| = 1. If £> 0 is arbitrary, then by theorem 1.3
we can find a finite dimensional space E< X so thate € E and d(y, E)<e and E
isometric to I, for some n. Let (x,)]- be a basis for E isometrically equivalent
to the unit vector basis of I, and let (x})j-, & X * be a sequence biorthogonal
to (x;)}=, with |x}¥||=1, 1<j<n. By the above there is an x € E with [x[|=1
and ||y —x|| =2e. Let j be chosen so that |x*(x)|=1, since e is an extreme point
of By |x}(e)l=1 and therefore x}(e)x}* € S, moreover:

IxFe)xFl 2 Ixf&=lxFlllx—yl =2 1-2¢,
hence ||¥/(y)| = 1. An argument of [26] gives that y is onto.

We want to thank A. Lazar for suggesting this proof.

1.6. CorROLLARY. Let X be a predual of L, and e € X with |e| =1. Put
S ={x*eX*| x*(e=1=|x*|}.
Then the following statements are equivalent:

(i) e is an extreme point of By.
(ii) S is an maximal face of Byx.
(iii) e considered as an element of Bys+ is an extreme point.

Proor. Assume (i) and that S is not a maximal face in By.. Then there exist
y* € Bys such that y* ¢ conv[tS l t € T}. By Hahn-Banach there exist a w*-
continuous functional x, that is x € X, such that

y*(x) = 1 > sup{Rex(x*) I x* € conv {tS | teT}}
2 sup{lx*(x)| | x* e S}

which contradicts the fact that the map y in the preceeding theorem is an
isometry.

(ii) = (iii). Assume S is a maximal face in By.. We may identify X* with
L,(Q, #,m) for some positive measure space (Q, &, m). First we observe that for
any B € # there is f € § with | f* x| >0. If not the norm would be additive on
the set conv (SU {m(B)™'xg}) so by [2, lemma 2.1] we get a contradiction to
the maximality of S. Assume there is B € # with m(B)>0 and |e(g)| <1 a.e. on
B. By the above observation there is f € S with || f: xpll >0. Since S is a face

If-xgl~*f xp € S. But
le(lf xgll =" fxp)l < 1

contradicting the definition of S.
(iii) = (i). Trivial.




































