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THE STRUCTURE OF MULTIPLICATION AND
ADDITION IN SIMPLE C*-ALGEBRAS

JOACHIM CUNTZ

A C*-algebra is called simple if it contains no non-trivial closed two sided
ideals. Many examples of simple C*-algebras have appeared in the literature
(we mention without claiming any completeness [1], [2], [4], [7], [9], [10],
[12], [13], [19], [22], [23]), but so far not many general properties of these
algebras are known. The only really positive result seems to be Sakai’s theorem
on derivations of simple C*-algebras [20], [21], [22].

If some sort of classification of C*-algebras is at all possible such a
classification should certainly begin with simple C*-algebras. The present
paper is intended as a first (small) step in this direction. To be precise, we
consider only simple C*-algebras with unit. If 4 is such an algebra then 4 is
algebraically simple, i.e. A contains no non-trivial two sided ideal at all (for the
proof note that any proper ideal I in A has empty intersection with the open
set of invertible elements in A, and that the closure of I is again an ideal). Let
O0%+b e A. Then

J = {Z xibyl'

i=1

Xise - > Xm Y15+ o5 Vn € A}

is a non-zero two sided ideal of A so that J=A. Thus, for any a e 4 and
O0+b e A there are elements x,,...,x, and y,...,y, in A such that a
=Y¥"_, x;by;. We denote by (a/b) the smallest integer n for which, given b+0,
such a representation of a exists. This number reflects in some sense the
interplay between multiplication and addition in A.

Our approach is inspired by the classification of factors by Murray and von
Neumann [17]. We divide first the class of all simple C*-algebras with unit
into two classes, namely finite and infinite algebras. In this paper we are
concerned mainly with the finite case. It turns out that, in finite algebras, (a/b)
and a second number (a/b)” (defined in section 3) play a role analogous to that
of the ratio [p/q] introduced by Murray and von Neumann for two projections
p and q in a finite factor. One can even construct in certain (called factorial)
algebras a dimension function in much the same way as in [17]. This
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dimension function is defined for every element x in the algebra (not only for
projections) and measures the size of the “support projection” of x. It
determines, given a,b in the algebra, the numbers (a/b) and (a/b) .

The class of factorial algebras contains, besides II,-factors, a large class of
simple AF-algebras and, in particular, all UHF-algebras (for the definition of
UHF- and AF-algebras see [13] and [2]). The general results we obtain for
factorial algebras seem to be new and non-trivial even for UHF-algebras. But,
of course, there are finite simple C*-algebras which are not factorial (5.3).

The reader is assumed to be familiar with the theory of operator algebras.
We use the notation of [5], [6].

I wish to thank R. V. Kadison, G. A. Elliott and H. Behncke for helpful
remarks and encouraging comments. Elliott informed me that, in a paper
which has just appeared, he has proved a result equivalent to Lemma 5.1 in
a somewhat similar way [11, 3.1]. The investigations of the present paper will
be continued elsewhere.

1. Definitions.

In this section we give the basic definitions, and prove some related
propositions which will be used frequently in the paper. Throughout this
section A is a C*-algebra which, for convenience, is assumed to be represented
on Hilbert space.

1.1. We restate the definition of (a/b) given in the introduction.
DEFINITION. Let A be simple with unit 1 and a,b € A, b+0. We define

(a/b) = min{n eN | 3xy,...,%X, V1. .., Vn € A such that a= ), xiby,-}.

i=1

Moreover, we define

a

QA

b, if (a/b)=1
axb ifaghand bga
The following formal properties of (a/b) are readily verified.

(@ (a+b/c)= (afc)+ (b/c) (c*0)
1) (a/c)= (a/b)(b/c) (b,c*0)
(ITII) The relation 5 is transitive, and the relation ~ is an equivalence
relation.
(IV) Let M, be the algebra of nx n complex matrices with unit 1, and let
{eul i,j=1,...,n} be a self-adjoint system of matrix units in M,. Let a,b € A.
Then (a/b)<n holds in A if and only if ¢;;®a1,®b in M,@A.
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ProoF oF (IV). Let a,b € A and a=Y"_, x;by; with x,y, € A. Then

€;;®a = (Z eli®xi)(1n®b)<z ei1®)’i>-
i=1 i=1
Conversely, if e;;®a=x(1,®b)y with x,y € M,®A4, then without loss of
generality we may assume x = (e;; ®1)x and y=y(e;;®1). Thus, x and y have
the representation

x= )Y ®x; and y= ) e,®y; with x,y, €4,

i=1 i=1

whence a=37_, x;by;

1.2. Next, we generalize the concept of the reduced algebra A,=pAp where
p is a projection in A to arbitrary elements of 4. Given £¢>0, let f, be the
continuous function on R defined by

f. =0 on [~o00,¢2],
/. is linear on [g/2,¢] ,
f. =1 on [g00] .

When a is in A, we denote throughout the paper by |a| the absolute value
la|= (a*a)* of a.

DeFINITION. Given a € A, set

A, = Ay = U f(a)Af.(lal)
£>0
It is easy to see that the closure of A, coincides with the closure of |al4lal, and is
a simple C*-subalgebra of 4, if 4 is simple.
One of the main features of the reduced algebra is the property that x € 4,
implies x $a. In fact, if x=£,(lal)yf.(al) then x5 f.(la) Sa*aga.

1.3. PROPOSITION. Let x € A with polar decomposition x=u|x|. Then uf (|x|) is
in A for any continuous function f on R that vanishes in 0.

Proor. If P is a complex polynomial without constant coefficient, then
uP(x]) is in A. Let {P,} be a sequence of polynomials such that P,(|x|)
converges to f(|x|) in norm. Then uP,(|x|) converges to uf(|x|) in norm and the
assertion follows.

1.4. Given a in A with polar decomposition a=ula| and ¢>0 we know from
1.3 that z,=uf,(ja|) is in A.
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As f5(lal) f.(lal) = f.(la]), the mapping @, defined by
D.(x) = z,5xz},
is an isomorphism of f,(|al)4f,(|a]) onto f,(la*|)Af,(la*|). Its inverse is
O,y = zhyzys -

The isomorphisms @, (¢>0) extend to an isomorphism @ from A, onto A4,s.
Obviously x~®(x) for all x € A4,.

1.5. We say that two positive elements h, b’ of A are equivalent in the sense of
Murray-von Neumann and write h~ k' if there is x € 4 such that h=x*x and
W=xx* If &: 4, > A, is the isomorphism defined in 1.4 and he 4, is
positive, then obviously h~ ®(h).

1.6. We say that x € A is orthogonal to y € A and write xly, if xy=yx

=x*y=yx*=0,

ProrosiTION. Let a,b e A, b+0, (a/b)=n, and let b,,...,b, be pairwise
orthogonal elements of A such that b;Zb (i=1,...,n). Then a$Y ", |bl*.
Proor. Let b,=u;b;| be the polar decomposition of b, By 1.3 we have

1
u;|b;|*+ € A. Since the b; are orthogonal, also |b||b;|=0 for i+ .
If a=3}_; x;by; and b=sbit; (i=1,...,n), then

a= Z x;sbit,y; = (Z xisiui‘bil%)<z |bi|;—)<z lbiﬁtiy‘)
i=1 i=1 i=1 i=1
and this is exactly what we wanted to show.

1.7. LEMMA. Let e, b be positive elements of A and a, x, y be arbitrary elements
of A such that b=xay and ea=ae=a. Then there is z € A such that zz*=b and
e(z*z)=z*z. If |b|| £1 then z*z L e (< is the usual order on the self-adjoint part

of A).
PRrOOF. Set z,=x(ayy*a*)!. Then
Zoz& = xayy*a*x* = bb* = b?.
On the other hand
2829 = (ayy*a*)*x*x(ayy*a*)?

whence e(z3zy)=28zo. If zo=1u|zo| is the polar decomposition of z,,~then
z=ulzo/* is in A4 by 1.3. It follows zz*=|z¥|=b and ez*z=e|z,|=|zo| =2*z.
The second assertion is obvious.
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The following special case is important. Let p,q € A4 be projections and p $gq.
If we apply the Lemma to a=e=gq and b=p, we see that there is a projection
q'=q in A such that g'~p.

1.8. ProrosiTioN. Let A be simple and a,b non-zero elements of A. There is
0%y € A such that yy* € A, and y*y € A,, and there are non-zero elements
z€ A, z € A, such that zxz'.

Proor. Given d+0 in A4, the set
J = {c| dxc=0 for all x € A}

is a closed ideal in A. From J# A (for instance |d| ¢ J) we conclude J={0}.
Thus, given a,b € 4 and ¢>0 with e<|al|, e<| b, there is x € A such that
y=/.(la)xf,(Ibl)+0. It follows yy* € A, and y*y € A,. With &: 4, « — A,
defined as in 1.4 and z € A« we get zx P(z). Therefore z and z'=®(z) have
the desired properties.

1.9. ProposITION. Let A be simple and p € A a projection. Let a£0 be an
element of A such that (p/a)=n. Then there is 6 >0 such that (p/b)<n whenever
la—bll <6, and such that (p/f,(lal)) Sn whenever ¢ <.

Proor. Let p=3Y""_, x,ay;. Without loss of generality we assume x;=px; and
Yi= YD

There is a >0 such that 3I_, x;by; is invertible in 4, whenever |la—b|| <.
In this case obviously (p/b) <n. If ula] is the polar decomposition of a and ¢ <4,
then

la—af.(ahl = llu(lal—lalf(aD)l

lal —lal f-(aDll < 6.

If z, is defined as in 1.4, then af,(lal)=z,,|alf,(|a]). This shows that

fela) % lalf(la)) R af.(lal)

whence

(p/f.(aD) = (p/af.(la)) = n.

1.10. The following is interesting in connection with other comparison
theories in operator algebras (cf. in particular [16]).
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ProrosITION. Let A be simple, p € A a projection and h € A positive. If (p/h)
=n, then there are x,,...,x, € A such that

p =Y xhxr.

i=1

Proor. We consider first the case n=1. By 1.9 we have then (p/f,(h))=1, if
¢>0 is small enough. Lemma 1.7 applied to a=f,(h), e=f,,,(h) and b=p shows
the existence of z € 4 such that zz*=p and f,,(h)z*z=2z*z. Obviously, there is
a (unique) positive k in the C*-algebra gentrated by h such that f, , (h)=kh. We
get p=zk*hkiz*,

Let now n be an arbitrary natural number and (p/h)=n. By 1.1IV this
implies e;; ®p$1,®h in M,®A. By the reasoning above there is x € M,®4
such that e;®p=x(1,®h)x*. We may assume that x has the form
x=31_,e,;®x; (x;€ A). It follows

e, ®p = (i e1i®xi)(1n®h)<i ei1®x7>

i=1 i=1

and p=37_, x;hx*.

Let now A be simple with unit 1 and h € 4 positive. There are x,,...,x, in 4
such that 1=3"_, x;hx*. If a € 4 is positive, then a=3"_, atxhx*at.

Thus, the proposition shows in particular that any positive a € 4 can be
written as a=Y}., y;hy* with y,,...,y, € A.

2. Finite and infinite algebras.
Throughout this section 4 denotes a simple C*-algebra with unit.

2.1. DeFINITION. We call A infinite if there is a non-invertible element a of 4
such that ax1. 4 is said to be finite if it is not infinite (that is if (1/a)=2 for
every non-invertible a in A).

2.2. We start with some considerations concerning infinite algebras.
Examples of such algebras are the Calkin algebra and type III-factors in a
separable Hilbert space. There exist also separable infinite algebras [8.2.1].

PropOSITON. If A is infinite, then A contains two orthogonal projections p and
q such that p~q~1in A.

PROOF. Let a € A be non-invertible and a=x1. Then either |a| or |a*| is non-
invertible. Let us assume without loss of generality that |a| is not invertible. By










































