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THE SPACE OF QUASISYMMETRIC MAPPINGS*

PEKKA TUKIA

Abstract.

The universal Teichmiiller space T is an open subset of a Banach space B
whose elements are holomorphic mappings of the lower half-plane. It is known
that the universal Teichmiiller space is contractible. We show that it is
homeomorphic to a real Banach space E and that as a real analytic Banach
manifold it is equivalent with an open, convex subset of E. The Banach spaces
E and B are isomorphic as topological, real linear spaces. The method of proof
is to find a set of “moduli” for quasisymmetric mappings.

1. Introduction.

A quasisymmetric mapping is an increasing homeomorphism f of the real
line R satisfying

L
= 70-Sx=0 =

for some g=1 when x,te R, t>0. A quasisymmetric mapping f is g-
quasisymmetric if it satisfies (1) with this particular g¢. The 1-quasisymmetric
maps are just the affine transformations x — ax+b, x € R varies, a,b € R
fixed, a>0. The interest of quasisymmetric maps lies in the fact that the
restriction of a quasiconformal self-map of the upper half-plane

U={zeC: imz>0}

M 1/e

is quasisymmetric. (Every quasiconformal self-map of U has a unique
extension to R and for simplicity we consider them already extended to R).
Conversely, every quasisymmetric mapping is the restriction of such a
mapping. (Cf. Beurling—Ahlfors [5].)

It is often convenient to normalize quasiconformal self-maps of U and
quasisymmetric maps of R so that they fix 0 and 1 (0o is in any case already
fixed). A normalized quasiconformal self-map of U is uniquely determined if
its complex dilatation u(f)=2af/0f is known. Then p(f) is an element of
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L*(U,C), the Banach space of measurable bounded maps U — C with
supremum norm. It is a basic result in the theory of quasiconformal mappings
that the mapping f+> u(f) is one-to-one from the set of normalized
quasiconformal self-maps of U onto the open unit ball M of L*(U,C) (cf.
Lehto—Virtanen [8]). The set M is an open set in a complex Banach space, thus
it is in a natural way a complex analytic Banach manifold. Consequently, this
is a way to define a complex analytic structure in the set of normalized
quasiconformal self-maps of U. We can define an equivalence relation in the set
of normalized quasiconformal self-maps of U as follows: let f~g if and only if
S IR=g]|R. The quotient set of ~ is the set of normalized quasisymmetric maps
of R. The space M is a complex analytic manifold and thus the set of
normalized quasisymmetric mappings inherits a complex analytic structure
from M. One can also show that it is a Banach manifold. This Banach
manifold is called the universal Teichmiiller space. It can be identified with an
open subset in the complex Banach space B of holomorphic functions ¢ in the
lower half-plane L with norm

lolls = sup{2(im2)*le(2)| : zeL}.

(Cf. Bers [2], [3], Earle and Eells [7].)

From the topology of the universal Teichmiiller space is known that it is
contractible (Earle and Eells [7]). In this paper we show that, more precisely, it
is homeomorphic to a Banach space. We also show that as a real analytic
manifold it is equivalent with a convex set in a real Banach space. (It is not
known whether the above imbedding in B is convex). We prove these results by
showing that there is a natural way to associate with a quasisymmetric
mapping a sequence (k;) of real numbers and that the set of such sequences is
an open, convex set in a Banach space that is a linear subspace of [, i.e. the set
of all bounded sequences (k;) with supremum norm.

Our method is in a way direct. We define the real analytic structure of
normalized quasisymmetric mappings and its topological properties without
making essential use of the theory of quasiconformal mappings. It is true that
in section 4 some properties of quasiconformal mappings are needed but this is
for convenience, add a page and we could do without.

2. Nets and sieves of R.
A family A4 of closed, non-empty, non-degenerate intervals of R is a net of R
if
(l) UIE /I = R,
(i) INJ= or = a common endpoint, I,J € A, I+J, and
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(iii) If x is an endpoint of I € .4, then x is also the endpoint of another
Je N, T+

An interval of A is also called a mesh of A". Two meshes are said to be
adjacent if their intersection is a point. The set of endpoints of meshes of A" is
the set of vertices of A". It follows that the set of vertices of a net A4 can be
enumerated as a sequence x;, i € Z, so that x;<x; if i<j and that the family
{[xi-1,x;] ;i€ Z} is the net A",

Let us denote the length of an interval I by I(I). A net is said to be symmetric
if its meshes have the same length. A net is said to be quasisymmetric if there is
a constant k=1 such that

Ik = IDIJ) = k

whenever I and J are two adjacent meshes of the net. More precisely, the net
A is k-quasisymmetric if the above inequality is true. A 1-quasisymmetric net is
symmetric and conversely. If k> 1, it need not be true that the ratios of non-
adjacent meshes of a k-quasisymmetric net are bounded.

A net A" is a subdivision of the net A" if the set of vertices of A" contains the
vertices of #". Then a mesh of .4 is a finite union of meshes of A4". A sieve is a
sequence X= (A7), i € Z, of nets such that A", ,, is a subdivision of A", and
that each mesh of .47, is the union of exactly two meshes of .4, ,. Thus the set
of vertices of 4", , is obtained from that of .4"; by adding a vertex in every
mesh of 4. A sieve is said to be fine if for every sequence I; € A, i € Z, such
that I,,, <I,, the intersection

N I; = a point .
ieZ

The words symmetric, quasisymmetric, k-quasisymmetric, mesh and vertex are
applied also to sieves. Thus e.g. a k-quasisymmetric sieve is a sieve containing
only k-quasisymmetric nets. In the same manner, a mesh of a sieve X' is a mesh
of some net of X.

ProrosiTION 1. A quasisymmetric sieve is fine.

ProoF. Let X be k-quasisymmetric. Let (I,), i € Z, be a sequence of meshes of
Z such that I,,,<I,, I;e &, i€ Z. Then we have

Y(k+1) < 1Ly )Y S k/(k+1) .

The conclusion is now obvious.
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3. The space of quasisymmetric sieves.

For our purposes it is convenient to assume that the interval [0, 1] is a mesh
of the net A", of a sieve Z=(A"), i € Z. Such a sieve is called normalized. Of
course any sieve can be normalized by performing a transformation of the form
x > ax+bforx e R (a,b € R, a>0). We denote by I,, the mesh of 4", that has
0 as the smaller endpoint. It is clear that, once I, is given, there is a unique
enumeration {I;;}, j € Z, of meshes of 4", for each i € Z such that I ;and I; ;. ,

are adjacent and that the smaller endpoint of I; ;. , is the bigger endpoint of I;;,

je<Z.
Now we can form the ratios
2 kij = I(Iij)/l(li,j-l)a LjeZ.

The normalized sieve is uniquely determined once the numbers (k;), i,j € Z,
are known. For beginning from I,,=[0, 1] we can determine all other meshes
Iy;, i € Z, knowing ko, i € Z. The meshes I, and I_, , are determined from
the mesh I, and numbers k,, and ko,. Thus we can determine step by step all
the meshes I;;, i, j € Z. The sieve X is k-quasisymmetric if and only if

1k £ kj<k forallijeZ.

Thus the set of normalized quasisymmetric sieves can be made to a metric
space by defining the distance between two sieves Z and 2’ to be

3) d(Z,2) = sup |logk;;—logk;
ijeZ

il

where k;; and ki; are the numbers defined by (2) with respect to 2 and 2.
The numbers k;;, i,j € Z, are not independent. A simple calculation shows

o Ldkig
l—1’11""‘7.',2;'+1

4) ki, =k for i,jeZ,
i.e. when passing from A4";_; to 4, only the numbers k;;, j odd, can be given
freely, the numbers k; ,;, j € Z, can be computed from these. On the other
hand, if the positive real numbers (k;), i, j € Z, satisfy the relations (4) there is
always a unique normalized sieve X such that k;;=1(I;)/I(I; ;_,),i,j € Z, where
the meshes I;; are as in (2).

We can use (4) repeatedly to calculate

) .1+ki.—1n+l,2}-1 14k iy
RS € PP L+k; pnjsq

(5) ki,z"j = k

for i,j,ne Z, If n<0 and 2"j € Z we have

L4k p it L+kiyy,om1j41

k- n; = k-_, i — “e s .
b2 ' n'll+ki-ln,j—1 1+ki-+11,2"‘j—1
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Now we can see that there is a one-to-one correspondence between the set of
normalized sieves and indexed families (k;), i,je€ Z, j odd or (i,j)=0, of
positive real numbers. From now on we identify the sieve and the family
corresponding to it. We write P for Z x (2Z 4+ 1) U {(0,0)}, thus we can write the
sieve (k;), (i,j) € P. We can also write the sieve (k;), i,j € Z. Then it is
understood that the numbers k;;, (i, j) ¢ P, are determined from equation (5).

We can paraphrase the condition that a sieve is quasisymmetric as follows:

ProPOSITION 2. A sieve (k;), (i, j) € P, is k-quasisymmetric if and only if
the products (5) lie in the interval [1/k,k] for (i—n,j) € P and n=0 and for
(i—n,j)=0, n<O.

We shall now try to embed the space of sieves in a Banach space so that the
image set is convex. Equation (5) suggests the following transformation

(6) h; = log ((1+k)/2) if j—1€4Z or (i,j)=0,

= log (1 +k3"/2) if j+1e4Z,
for (i,j) € P. We can express the numbers k;; by means of h;; as follows
0] k; = (2exph;—1)*!

for (i,j) € P. Here we choose the exponent —1 if j+1 € 4Z, +1 otherwise.
Equation (5) assumes now the form

(8) logk; ,»; = logk;_, ;
+log (1+ki sy, 2j-1)—10g (L +ki_piq,254+1)

n
+ Z (h.'—-n+k,2"j—1 "hi—n+k,2"j+ V]
k=2

for i,j,n € Z, nZ0. If n<0 the equation is slightly different, cf. equation (5)
The reader can easily modify (8) to fit this case.

On the basis of (8) it is reasonable to consider a Banach space E formed of
all sequences (h;)), (i, j) € P, of real numbers such that both

©® m=sup{lh): (ij)eP} and

sup {

(i—n,j)e P and n20 or (i—n,j)=0 and n<0; e=sign (n)}

]

M

I

n
Z (hi—n+k,2"j—1 “hi—n+k,z"j+1) :
k=¢

are finite. For such sequences we define the norm to be

(10) |l (h;)llg = max {m,M} .
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Finally let E, and E,, m>0, be the subsets of E for which

(11 E, = {(h)€E: h;=—log2+m for (i,j)e P}
Eo = U Em'
m>0

We have identified the set of quasisymmetric sieves with sequences (k;j),
i,j € Z, and these sequences we have mapped by equations (6) to sequences
(h;), (i,j) € P. We can now formulate the main result of this section.

ProposiTION 3. The mapping defined by (6) from the space of quasisymmetric
sieves to the set of sequences (h;}), (i, j) € P, is a bijection onto the set E,, which is
an open, convex set in the Banach space E. Moreover, if the space of
quasisymmetric sieves is topologized by (3) then it is a homeomorphism onto E as
a subspace of E with norm (10) and it, as well as its inverse, is locally Lipschitz.

Proor. This is mechanical. Use equations (5) and (8) together with the norm

(10) and metric (3). It is an immediate consequence of (11) that E, is open and
convex in E.

The set E, is homeomorphic to E. To see this note that for
h=(h;)s, pep € Eo
r(h) = inf{h;+log2 : (i,j)e P} > 0.
Here r is a continuous mapping E, — R. Now it is easy to see that
h = (hij)(i,,)eP and (hij"l/"(h))(i,j)eP
defines a homeomorphism E, — E. These observations combined with

Proposition 3 yield:

CoROLLARY. The space of normalized quasisymmetric sieves is homeomorphic
to a Banach space. This is the space E defined in equations (9) and (10).

4. Sieves and quasisymmetric mappings.
Let £ and X’ be two normalized, fine sieves. Then, as we have seen, we can
enumerate the meshes of £ and X’ as

2

jeZ};
i € Z, beginning from the interval [0, 1]=14,=14,. Using this enumeration we
can define an increasing homeomorphism of R as follows. If x € R there is a

































