MATH. SCAND. 40 (1977), 25-45

UNIVERSAL PARALLEL COMPOSITION LAWS
AND THEIR REPRESENTATIONS

C. T. NG*

1. Introduction.

In the analysis of algorithms for a given machine, measured values of a
number of algorithm-machine characteristics are frequently considered. These
measures may be used to describe indirectly the structures of or between the
algorithm and the machine. They may influence the design of a system.

Apart from the question of what characteristics are to be measured, how to
measure them is of much concern. For complicated algorithms, accurate
evaluation of a measure is by itself an enormous task and could become
intolerable. On the other hand, the use of subjective or prejudice estimated
measures may fail to reflect the true characteristics and bias our original goal.
The compromise between the desired simplicity in deriving at the measure and
the accuracy of the measure in reflecting a complexity may not be in hand
always.

We shall consider measures that can be derived under simple laws. Measures
that can be modulated under universal composition laws are of much interest.
Their explicit representations will be deduced.

2. Preliminaries and notations.

We consider algorithms which are represented as programs written in a
certain language. We further assume that the programs are well structured and
are representable as finite encoded trees. Measures of program parameters are
to be made via their encoded trees. Rooted trees with at least one node other
than the root are to be considered. For convenience, the term “node” refers to
nodes other than the root. Each node of an encoded tree is encoded by two
parameters as follows.

Let L={A,B,C,. ..} be a given set. For example, L can be conceived as a set
of primitive operations a machine accommodates, or as a set of built-in macro
operations together with the micro operations.
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Let & ={so/,%B,%,. ..} be aset of encoded trees under evaluation. Each node
of a tree admits a code in L and a branching factor in the closed real interval
[0,1]. The branching factors of nodes having the same parent constitute a
complete probability distribution. We shall denote by I', the set

{(Pnpzr . "pn) l pi € [O’ 1]’ an=1}

of all complete probability distributions of length n, n=1,2,3,.... The
following example is a declaration of an encoded tree &.

ExaMpLE 2.1. &: la(p,,A),

2a(q1’ B) )
2b(q,,0),
3a(rl,A) ]
3b(r,, 0),
1b(p,, D)
lC(p3, A) s
2¢(1,E);
whose graph is shown in Figure 1.
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The letter of qualifies the encoded tree, and the letters a, b, c,. . ., qualify the
nodes with the same offset number. Reference to a node in a tree can be made
by giving the name of the tree, the offset number of the node, and the name of
the node.

Parallel composition is an essential operation on % and will be described as
follows.
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Let &,,,,..., &, be encoded trees, and let (py,p,,- - -,Py) € I, be given.
The parallel concatenation of (&/;); under (p), is obtained by multiplying the
branching factors of nodes with offset number one in &/; by p; and then
formally joining them at the roots. Each node originally in &; should be
qualified by &, if necessary. The resulting tree will be denoted by Y, (p;, &) or
(py, &)+ (p2, &3)+ . . . + (ps, &,). This operation is symmetric in the (p;, &/,)’s
and can be multi-staged.

For example, if

ExampLE 2.2. &,: la(l, A), 2a(q,, B), 2b(q,, C), 3a(r,, A), 3b(r,, C);
o,: 1b(1,D);
o5 1c(1, A), 2¢(1, E);

then the tree o in Example 2.1 is equal to Y, (p;, &;), and is also equal to

(p1, @)+ (P2 + 3, P2/ (D2 + P3), 5) + (p3/ (P2 + P3), #3)) provided that p,+p,
>0.

We assume that . is closed under this operation, or else we consider
subclasses of .# which are closed under this operation.

3. Postulates on the measures.

(3.1) The measure of a program parameter can be derived via the encoded
tree representing the program. Thus we may consider the measure u as a
mapping of £ into the reals R. We confine ourselves to consider real-valued
measures.

(3.2) The measure u is invariant under isomorphisms of encoded trees.

Thus the names of the nodes of an encoded tree are irrelevant in the
evaluation of u. For the subsequent discussions we shall declare encoded trees
without naming the nodes.

(3.3) Parallel compositivity: There exists a parallel composition law PAR
such that

“(Z (p;,.d,-)) = PAR ((p, po }i=y) -
i=1

Intuitively speaking, the measure of a composed program Y, (p;, ;) can be
composed by the measures pus/; of the individual modules «f; and their
corresponding weights under some law PAR.

(3.4) Parallel locality: There exist functions a and 4 such that

1((p1, )+ (02, #2) = o Hap((py, 1)+ (P2, F2)+ A(A 5, % D2)) -

Intuitively speaking, if a module &/, of a composed program (p,<,)
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+ (p,, &) is, for some reason, modified or rewritten as 75, then it is possible
to derive at the measure u((py, )+ (p,, #5)) via the original measure
u((py, #1)+ (P2, ;) and an additive correction term A(of,, o, p,) which
depends locally on the original module, the modified module and the weight of
that module in the composed program, after an appropriate change « of the
measuring scale.

ReMARK 3.1. It does not matter whether (3.3) is to hold for all n=2,3,. ..,
or just for n=2, as parallel concatenation can be multi-staged.

In the coming section, some properties of the function PAR will be explored.
It is natural to expect that PAR satisfies some properties in order that the
measure u composed under PAR fulfils the above postulates and is consistent
with the structure of &,

4. Some properties of the parallel composition law PAR.

Let u: % — R be a mapping satisfying all the proposed postulates (3.1) to
(3.4), and let PAR, a and 4 be such asserted functions. (The existence of these
functions is guaranteed by the postulates.)

In view of the compositivity of u, the correction term A(«/,, &%, p,) depends
on &, and &/ via their measures. Thus there exists a function é such that

A(St 3 A5, p3) = O(UsA 3, 14, p))

and the function J will replace 4 for the remaining discussions. No further
consideration of 4 is necessary.

The postulated properties of u are invariant under the various choices of
measuring scales. To be precise, if f is an injective mapping of S:=u(%)
onto a subset T of R, then the induced measure fi:= flou is again a measure on
% satisfying the asserted postulates under the functions PAR, &, @ where

PAR ((p, ist)) := B(PAR ((p,, B~ (it)))))
S(ist 5, it 'y, py) 1= 8(B™ (st ), B~ (Ast), p2)
a):= a(f~1(@t)), teT.

Two measures are said to be isomorphic if they differ by a scaling function .
This relation partitions the measures into isomorphic classes. It is sufficient to
explore measures that are “canonical”.

A measure u satisfying the asserted postulates with a equal to the identity
map will be called canonical. Thus canonical measures are those which admit
an additive correcting term. Every measure u is isomorphic to a canonical
measure (by taking f=a, say). It is therefore sufficient to explore all parallel
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composition laws that give rise to canonical measures. All measures are
supposed to satisfy all postulates in Section 3 from now on without explicit
declaration.

LEmMMA 4.1. If u is canonical then there exist functions f and g representing
PAR through

PAR ((py w)i=1) = f(P1: P2 - "p")+."i g(ps,u)
for all (p)el,, n=2,3,..., and for all u; € u(%).
Proor. Let &/, € & be arbitrary but fixed and let a,=pu(f,). Let &, € &
and u;=p(), i=1,2,...,n. We can evaluate PAR through § as follows.h
PAR (py, uy; Pay Uz - -5 P thy) = PAR((p;, p(2));)
= p((py, )+ (P2 H)+ . .. + (P )

= ”((pl +p2+ e +pn—11 (ql"dl)+(q2"d2)+ e +(qn~l’du—1))+
+ (b 1))

where (q,...,4,-) € I'n_, is a distribution such that
p;j = (p1+p2t...+pp-1)a, Jj=12,...,n—1.
Accordingly,
PAR (py, us; P, thz5 - - -3 P the)
= u((pr+p2t .. Pt (@1, )+ (@2 H )+ oo+ (g1, I y)) +
+ (P A )+ 6(1(H o), 1(4,), D)

= (P Z )+ P2 A+ - -+ (Pam 15 F 1)+ (Pr H o)) + 0 (a, (L), D)

= PAR(py,u1; P2, 425 - - -5 Pu15Un—15 P o) +0(ag, Uy, ) -
This can be extended by the symmetry in parallel concatenation to

PAR (Pl,“ﬁpz,uz; e pmun)

= PAR (py,0; 2,905 - - - Pw0) + Z 0(ag, u;, p;) -
i=1

This proves our assertion with g(p,u):=d(ao, u, p) and
S(P1sP2s- - s Pn) := PAR(p1,00;P2, 405 - - - 5 Pns o) -

LemMa 4.2. The function f in Lemma 4.1 satisfies the following properties:
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(i) Symmetry: f(py,pa,- . .,p,) is invariant under permutations of the p;’s, all
n=23,...

(ii) BranChing: f(pl’ Da2- - ‘spn)_f(pbpb +++3Pn~25Dn-1 +pn) isa funCtion Of
Pn—1 and p,, i.e. the difference does not depend on p,,. . .,p,_, nor on n as long as
-2 p; remains constant.

Proor. (i) The symmetry of f follows directly from that of PAR ((p;, )!-,)
and of 37_, g(p; u) in the (p;, u)’s.

(“) For (pl’pZ" . "pn) € Fm let (‘Il’ q2) € FZ be such that Pn-1= (pn~1 +pn)qls
Pn= (Pn_1+Ds)4, and consider the equality

(Pp-»dl)"f‘(Pz"ﬂz)'*' e +(pn—~2"dn-2) +

+(pn—l +pm (qla'dn—l)"’ (QZ’ dn)) = 'Z:l (piadi) .

The measure of the left hand side according to its suggested multi-stage

composition is given by
n—2

fP1:P2e s Pr=2:Pne1 P+ Y, 8(Psu)+
i=1

t

+8(Pu-1+Pw [ (41,92) +8(ay, - 1) +8(q2, 1) ,

while the right hand side has measure given by
f(pla' . '7pn)+ Z g(pi’ui) ’
i=1

where u;=u(s/;). Thus we get
S®1P2- P =S (P, P25 - > Pa-2s Pa=1+PW)
= 8(Pn-1+PwS(91:9) +8(q1, 1)+ 8(a2 1)) — 8Py 1 Uy 1) — 8 (Do ) .
Since the right hand side is a function of p,_, and p, while fixing u,_,,u, and
choosing (q,,9,) € I', properly, this proves the lemma.
LemMaA 4.3. A function f satisfies

(i) Symmetry: f(py,...,p,) is invariant under permutations of the p;’s, all
n=23,..., and
(ii) Branching: There exists a two-place function A such that

f(Px,sz . 'spn)"'f(pl’pb' . "pu—29pn—l+pu) = Z(pn—hpn)
for all (py,p,,....p) €T, and for all n=3,4,...,

if, and only if, there exists a one-place function h:[0,1] — R such that f is
represented as:
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(43.1) f®Pup2y--p0) = Y, h(p)
i=1
for all (py,p,,....00 €T, n=2,3,....

ProoF. Let f be a function satisfying the symmetry and branching
properties.

It follows immediately from the symmetry of f that 4 is also symmetric, i.e.
4.32) A(x,y) = A(y,x)

for all x,y € [0,1] with x+y € [0,1]. By using the symmetry and branching
formula, we get

f=x—y=z,%y,2) = f(l=x=y=—z,%,y+2)+4(),2)
=f(l—x—y—z,x+y+2)+A(x,y+2)+4(y,2)
and
fd=x—y—z,x,9,2) = f(l=x—y—z,x+y,2)+ 4(x,y)

= f(l=x—y—z,x+y+2)+A(x+y,2)+A(x,y) .
By comparison we get

(433) A, )+ A(x+y,2) = A(x,y+2)+4(y, 2)

for all x,y,z e [0,1] with x+y+2z € [0, 1]. By applying a result in [6, Theorem
2.1 and Remark 2.1], the function 4 can be represented by a one-place
function h:[0,1] — R through

4.3.4) A(x,y) = h(x)+h(y)—-h(x+y)

for all x,y e [0,1] with x+y € [0,1]. This explicit form of 4 enables us to
calculate f through f as follows:

f@1:P2- P = f(P1sP2s- - > P 0)— 4 (py, 0)
= —h©)+f(P1,P2- - -+Pw0)
= —hO)+f(P1+P2P3- - Pw0)+4(p1,P2)
= —h©)+f(p1+P2+P3Ps- - -, PO +
+4(py+ P2, p3) + 4Py, )

n—1 Jj
= —hO)+f(1,0+ }, 3(=1 P.-,p;n)

i=1 i













































