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ON THE NUMBER OF PRIME DIVISORS
OF A BINOMIAL COEFFICIENT

ERNST S. SELMER

It must have been observed independently by many people that a binomial
coefficient () can never be a prime power except in the trivial cases with k=1
or k=n—1. Strangely enough, the first proof of this fact was apparently not
published until 1968 by Hering [4]. Simpler proofs, all using the implication

n=>a<
k p=n,

have later been given by Stahl [8], Scheid [6] and Mignotte [5].

For given k>1 and sufficiently large n, the binomial coefficient (§) will
always contain at least k different prime divisors. In what follows, the number
of such divisors will be denoted by V(n, k).

Bounds for n and k were discussed by Erdos [2], who also pointed out that if
V(n,k)<k, then (1) implies that

) (Z) <t

Since the left hand side is a polynomial in n of degree k, we get a contradiction
for sufficiently large n.

This particular argument was improved by Mignotte [5], who (without
reference to Erdos) showed that V(n, k) =k if

3) nkl+k.

ey r

Since this condition may be written as
n
<k> > nn=1)... (n—k+2),

we get an improvement over (2). The improvement is not significant in terms of
the bounds involved, but (3) is of course much simpler to use.

—————
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2,
We shall improve Mignotte’s bound (3), and first give a simplified version of

his argument: He showed that if

(n) _n(r=1)...(n—k+1)

(4) k k! -= pilpgz s p;j 2

then each prime power p% must divide one of the factors of the numerator (this is
trivial only if p;> k). If j <k, there is consequently one factor of the numerator
which is a divisor of k!. In the “worst” case, we may have n—k+1=k!, which
immediately gives the bound (3).

If n—i=k!, i<k—1, one would get a slightly better bound (but of the same
order of magnitude). We will, however, not try to establish any such
insignificant improvement. It is the dominant term k! of (3) which we shall
reduce considerably.

Before doing so, we note the following fact (which was not pointed out by
Mignotte): To obtain all cases (4) with j <k, it is not necessary to examine all n
<k!+k, but only those n where one of the factors

5 nn—1,....,n—k+1

is a divisor of k!. This observation means a great reduction of the numerical
work involved. As an example, consider k=5, k!=120. Starting from the top, it
then suffices to consider the factorization of

(g), n = 120—124,60—64,40—44,30—-34,. .. .
It turns out that n=32 is the largest n with V(n,5)<5.

The improvement of (3) is based on the following obvious observation: The
factor, say K, in (5) which divides k! contains only prime divisors p<k. If p is
small compared to k, then several of the numbers (5) will contain p as a divisor,
possibly to varying powers. Removing such divisors from k!, we get a smaller
bound for K.

Thjs simple approach, combined with a certain amount of sophistication,
leads to a proof of the following

THEOREM 1. Let

Pk =11 »,

. sk
the product being taken over all primes p and all positive integers m. If the
binomial coefficient (7) contains less than k different prime divisors, then one of
the numbers
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nn—1,...,.n—k+1

must be a divisor of P(k). In particular, () will contain at least k different prime
divisors if

©) nz Pk+k.

We have thus replaced k! of (3) by P(k), which is of smaller order of
magnitude. In fact,

logP(k) = Y logp = y(k),
sk
the well known function from prime number theory. Since y(k)~k by the
prime number theorem, we have

P(k) = gk1+o(1) .

Let n(k) denote the largest value of n such that V(n, k) < k. Erd6s, Gupta and
Khare [3] showed that for given £>0, n(k)< (e+e¢)* for sufficiently large k.
Asymptotically, this yields the same result as our Theorem 1 (which is of
course much more useful in numerical applications).

It was also stated in [3] that Erdds and Szémerédi (unpublished) have
proved a slightly stronger result: There is an a<e such that n(k)<o* for
sufficiently large k.

A lower bound for n(k) was also given in [4], in the form

lim inf logn(k)
k-0 lOgk

v

e.

This led the authors to assume that n(k) might actually be of the order of
magnitude k°. In Section 4, we shall find further evidence supporting this
assumption. Thus our new bound {6), which means a great improvement over
(3), is probably still far too large.

3
We now turn to a proof of Theorem 1. Let p denote an arbitrary prime <k,
and determine the exponent x(p,k) by

px(p,k) <k < pX(PJ‘)*"
Then P(k) can be written as
P(k) = l—[ pﬂ(ﬁk)'

psk
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We assume that we have a factorization (4) with j < k. By Mignotte’s argument,
each prime power p§ must divide at least one of the factors (5). For each p;, we
select a factor which is divisible by the hiEhest power of p,. There is then at least
one “spare” factor in (5), which we denote by K, and which must divide k!.
Note that some of the p; may well divide K, but that there is always another
factor in (5) which is divisible by p; to at least the same power as is K.

To abbreviate, put x(p, k)=x. For any prime p such that

™ K,

p cannot divide any other factor in (5) to the same power (since (5) contains k
consecutive integers, and p**!>k). Hence p cannot be any of the prime
divisors p; of (3). On the other hand, we shall see that (7) implies

(i)

a contradiction. Consequently p* is the highest power of p which can divide K,
and we conclude that K| P(k). The theorem will then be proved when we have
established the contradiction (8).

Let p* | k! (“exactly divide”), where

B 2]

Let further p*|n(n—1)... (n—k+1). Since this product consists of k
consecutive integers, it contains at least [k/p] factors divisible by p,[k/p*]
factors divisible by p?,. . ., until at least [k/p*] factors divisble by p*, and finally
one factor (namely K) divisible by at least p**!. Hence

k k k
e [ o]t =
p p p

/
which implies (8).

® p

4.

We shall consider a numerical application of Theorem 1. The reduction of
calculations described in connection with (5) of course also applies when we
use the smaller bound (6).

We have already introduced the notation n(k) for the largest value of n such
that V(n,k)<k. Let further K (defined as above) refer to this particular
V(n(k), k). Some preliminary numerical results for k<15 are given in Table 1.
For larger values of k, there may be several of the numbers (5) dividing P (k).
For k<15, however, there is only one such number K for n=n(k).
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Table 1. Comparison of k!, P(k) and n(k) for some small values of k.

k P(k) K/PKR) ~ n(k) K PW/K
2 2 1 3 ) 1
3 6=2-3 1 8 6 1
4 12=23 2 14 12 i
5 2 3B 30 2

60 = 22-3-
6! 33 2 6 60 1
7 420 =22-3-5-7 12 87 84 5
8 840 = 23-3-5.7 48 169 168 5
9 I 144 132 126 20

o} 250=2%3%57 1440 367 360 7

1 C3az.cn 1440 389 385 7

] 27720=22357.11 17280 510 504 55

13 17280 394 390 924

14} 360360 = 23-32-5.7-11-13 241920 512 S04 715

15 3628800 512 504 715

The quotient k!/P(k) in Table 1 shows the improvement by (6) over (3), and
the quotient P(k)/K indicates how much the new bound (6) differs from the
“best possible” result. The growth of P(k)/K seems to confirm the belief, stated
earlier, that the bound (6) is still too large.

Since Theorem 1 is such a strong tool in numerical applications, it was
decided to extend Table 1. The necessary calculations were performed on the
UNIVAC 1110 at the University of Bergen. I am greatly indebted to Svein
Mossige for accurate and efficient programming of the problems.

The resulting Tables 2 and 3 represent many hours of computing time, on
one of the world’s fastest computers. To indicate its speed, we may mention
that Mossige wrote a FORTRAN program which produced the complete
factorization of all natural numbers <10° (the range of the British Association
factor table) in 40 seconds!

The word length of UNIVAC 1110 allows for representation of
integers $3.4-10'°. Since P(27) exceeds this bound, a complete calculation
based on Theorem 1 was performed only for k <26. The computation for each
k started “from the top”, determining the integral quotients K=P(k)/i, i
=1,2,3,. .., then forming the binomial coefficients () with K+k—12n2K,
and stopping when a V(n,k)<k was first obtained. .

Since multiple precision calculations would require excessive computing
times, we decided to “cheat” for k=27. The computation was then started
“from the bottom”, counting whether V(n, k) was <k or 2k, and stopping
when a certain multiple of the last n=no with V(no, k)<k was reached.. The
bounds 10n, and 5n, were used for 27k =50 and 51 £k <100, respectively.





















