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CENTRALLY ERGODIC ONE-PARAMETER
AUTOMORPHISM GROUPS ON SEMIFINITE INJECTIVE
VON NEUMANN ALGEBRAS*

Yasuyuki Kawahigashi**

Abstract

We classify, up to stable conjugacy, centrally ergodic actions « of R on an injective semifinite von
Neumann algebra with an invariant trace and with I'(x) + R. We also classify actions of R on an
injective semifinite von Neumann algebra with a non-trivial center, and which admit an invariant
trace.

§0. Introduction

In this paper, we study one-parameter automorphism groups on injective
factors, up to stable conjugacy. Although there has been steady progress on the
classification problem of discrete group actions on injective factors (cf. [Connes,
2], [Connes, 3], [Jones, 6], [Jones-Takesaki, 7], [Ocneanu, 11}, and [Sutherland-
Takesaki, 14]), the problem for continuous groups has not been studied. It is
necessary to understand actions of R for the theory of general continuous groups,
but little is known for actions of the real number group R, beyond the
Arveson-Connes spectrum theory and Takesaki duality. This paper is the start-
ing point of our study of continuous group actions on injective factors. As a first
step, we will study the easier case where the Connes spectrum I'(x) is not equal to
the entire group R = R, and get the following main theorems.

THEOREM 0.1. Let # be a semifinite injective factor and o and B actions of
R with I'(e)), I'(B) + R and = ! (Int(#)), B~ (Int(A)) % R. Let

M >, R = () ® M),
M >R = AP)® NP,

be the central decompositions, where /(o) and /(p) are the centers and A{a) and
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NP) are factors. Then a and f are stably conjugate if and only if M), o (a) and
N(P), L(P) are isomorphic respectively, and the flows given by & and f on the
centers 4 () and /(P) are conjugate.

Note that if ! (Int (.#)) = R, then a is cocycle conjugate to the trivial action
by a classical result ([Kallman, 8]).

THEOREM 0.2. In the context of Theorem 0.1, we have

(1) If I'(x) = 0O, then A1) is isomorphic to L (H#) or the hyperfinite type II_,
factor R, ;.

(2) If I'(@) = Z, then A«) is isomorphic to R, ,.

Using Takesaki duality, we are also able to classify centrally ergodic actions of
R on semifinite injective von Neumann algebras under the assumptions that the
actions admits an invariant trace, and the center is non-trivial.

Modular automorphism groups, a special type of actions of R, have been well
studied. The classification problem of injective type III factors was reduced to the
classification of group actions on the hyperfinite type II factors. Our problem is
related to the uniqueness problem of the injective type III, factor, which was
solved recently by [Haagerup, 5]. Our result here is also related to Connes’
classification of injective type III, and III, factors, 0 < 4 < 1, [Connes, 4].

The condition I'(a) # R in our result is a strong restriction on the action a. But
the difficulty for the case I'(e) = R is very similar to that in the uniqueness
problem of the injective type III, factor. In our context, Haagerup’s deep result
means that an action « of R on %, , with troa, = e”"tr, te R, is unique up to
conjugacy, but the case of trace preserving actions with I'(a) = Ris still open. The
author hopes that this case will be settled in the near future.

In §1, we prove of Theorem 0.1 for semifinite injective algebras. In §2, we will
show that the characteristic invariant is trivial and A{a) is of type Il if we have
I'(a) = Z and # is a factor. In §3 we construct examples to show that all the
possible cases in Theorem 0.2 can actually occur.

§1. General cases

Let .# be a semifinite separable) von Neumann algebra, and « a centrally
ergodic action of R on . (i.e., Z(#)* = C) such that .# has an invariant trace
7 for a.

First, we deal with the case where I'(a) = 0. (See Définition 2.2.1in [Connes, 1]
for the definition of the Connes spectrum I'(«)). We may exclude the case where
all the a,’s are inner, because in this case the action is cocycle conjugate to the
trivial one by a result in [Kallman, 8]. We will classify actions of this type up to
stable conjugacy. (See page 216 in [Jones-Takesaki, 7] for the definition of stable
conjugacy). We note that by the result of [Katayama, 10], we know that the
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crossed product algebra by R is properly infinite unless the action is inner for
every t € R. We construct an invariant for this action a as follows.

We denote by ¢ the action a ® Adiz ! on A = .# ® £(I?(R)), which is the
second dual action of « by Takesaki duality (see [ Takesaki, 15]), where A is the
regular representation of R. (Here we use the definition dg(u,) = e~ *u, for the
dual action). In the following, we consider the system {.#,q} instead of the
system {.#,a}. We still have I'(6) = 0, so by the definition of the Connes
spectrum, there exist a central projection e in the fixed point algebra .#°, which is
isomorphic to the crossed product .# >, R, and a positive ¢ such that

Sp(a®) () ([—3e, —&] | [&, 3e]) = 0.

Then by Lemme 5.2.3 in [Connes, 1], we have a positive non-singular self-adjoint
hin .#2° such that

Sp(t—(Ad(h")oa?) [\ [—e&,€] = {0}.

We would like to get the equality Sp(a) () [ —¢,¢] = {0} by replacing ¢ within its
stable conjugacy class. By considering ¢ ® i on .# ® £ (I*(R)) if necessary, we
have a partial isometry u in .4 such that e = uu* and 1 = u*u since e is properly
infinite and the central ergodicity of ¢ implies that the central support of e in
M is 1. We define

v, = u*h"o,(uye .M, forteR,

so that we have

v,0* = u*h"o,(u)o,(W*)h~"u

= u*heh ™ "u = u*eu = u*uu*u = 1,

v¥v, = o, (u*)h ™ "uu*h"o,(u)
= o,(u*)eo,(u) = o (u*uu*u) = 1,
v,0,(v,) = u*h®a (W)o(u*h"a(u))

= u*hi* (W)o,u*) ko, (u)
= w00, (W)
= Ustqe

Thus {v,} is a unitary cocycle for o, so we define a new action on .# by Ad (v,) o g,,
and denote it simply by agam Now we have Sp(o) () [ —¢,¢] = {0} as desired.
By considering 6 ® i on .4 ® L(I?(R)) if necessary, we may assume .#° is
properly infinite. Then by Lemme 5.3.4 in [Connes, 1], we have a unitary U in
M°([e, 0)) (see Définition 2.1.2 in [Connes, 1] for this notation) such that we
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have
M= M ><,Z, 0= Ad(U)eAut(A°).

Suppose Z (#°) = [*(Y,v). Then there exists a measurable real-valued function
k on Y such that ¢,(U) = "™ U. Because Sp,(U) < [¢, o) (see Définition 2.1.2 in
[Connes, 1] for this notation), we may assume that k(y) = ¢for all ye Y. Consider
the crossed product .# >, R. Then we have
M >, R = (M° >,2) >, R
> (M° >, R) >;52Z,
where 0 is defined by
O(A(t) = ™ Ai(t), forteR,
0(x) = 0(x) = UxU*, for xe ./4".
In the above expression, we also have .#° >1, R =~ .#° ® L (R), where we
identify A(t) with the function, se R—e~*'eC, on R. Then the action § on
I[*(Y,v) ® L*(R) is given by
@)y, t) = (T 'y, t —k(y)) for o e L*(Y,v) ® L*(R),
where T is an automorphism on Y corresponding to the automorphism 6 on
Z (M) = L*(Y,v). Thus we have the following lemma.
LEMMA 1.1. Under the above assumptions and notations, we have
(M >4, R) = (L*(Y,) ® L°(R)) = L*(X, ),
where X = {(y,t)|y€Y,0 £t < k(T 'y)} and du = dv x Lebesgue measure.
ProOF. Because the action § on Z(#° >, R) = [*(Y,v) ® [*(R) is aperi-
odic, it can be regarded as a free action of Z on .#° >, R. So by the relative
commutant theorem for free actions of discrete groups (Lemma 7.11.10 in
[Pedersen, 12]) we know that 2(# >,R) c & (M’ >i,R). An element
xeZ(M° >, R)is in Z(A >, R) if and only if x commutes with the unitary
u implementing @ on .#° >, R. But this condition is clearly equivalent to
O(x) = x.

For the set X as in the lemma, we know that
X)) 6"(X) =0, forn+m,
U "(X)=Y xR,
neZ

so the fixed point algebra (L°(Y,v)® L°°(R))‘7 is isomorphic to its restriction
L*(X, p).
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Note that the dual action é on the “measure theoretic spectrum” {(y, )| ye Y,
0 <t < k(y)} of this center is the flow under the ceiling function k(T ~ ! y) for the
transformation T~ ' on Y because ¢ is just a translation for the L (R) part in the
above expression. Because g is centrally ergodic, 0 is also centrally ergodic, thus
M is isomorphic to .# ® L* (Y, v) for an injective factor .4.

We would like to express .# ><, R in the form of /" ® I[*(X, y1) and get the
relation between ¢ and 4.

We consider @ _ M @ L*(X,p), ®L _, M @ L*(Y,v), and @ _ M

n=—o0o

and denote the shift operator on these by S, that is, (S(x)), = (x,_ ;). Then we have
M >4, R = (A ® [*(R) x52Z
= (M ® L*(Y,v) ® L*(R)) x5Z.
Here we have L*(Y,v) ® L*(R) = @,.zL”(X, p) as in the proof of Lemma 1.1,
and under this isomorphism we may identify § on .# ® L*(Y,v) ® L* (R) with
Son @ _ (M ® L* (X, w). Thus we have

./7><1,,R§< ® (A L“’(Ku))) asZ

n

where we set N = (@2 _ , #) ><gZ, which is an injective factor isomorphic to
M. We define the automorphism R(6,Y) on (@F _ . .M ® L*(Y,v)) >sZ =
N ® L*(Y,v) by

RG,.Y)=So @ 0 on @ AL (Y,v)

R(6,Y)(V) =V for the unitary V implementing S.

This notation is used because this automorphism is a “reduction” of 6 as follows.

Because the action ¢ on the center Z (4 >, R) = L*(X, p) is the flow built
under the ceiling function k(T ~!y) over the base (Y, T~ ') as seen in the proof of
Lemma 1.1 and the remark after it, the action 6, for t € R gives us an isomorphism
of My,s) = A ,where ye Y, 0 < s < k(T 'y), onto .41y, s) = A7 with y', s" as
follows.
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(T "y,s+t—=k(T  'y)+ ... — k(T "y)),

it KT ')+ k(T 20 +... + T "'y <5
<k(T 'y)+ k(T %y)+...+ k(T "y), for somen > 0;

(yl’s')= -1
(T"y,s +t—k(y)— ... — k(T" " "y))
if —k(y) = k(Ty) — ... —k(T" 'y) < s
< —k(y) — k(Ty) — ... — k(T""%y), for some n > 0.

And if both sand s’ are zero, then this automorphism coincides with the one given
by R(d, Y). Thus our notation R(d, Y) is justified. Note that the modular auto-
morphism group of the dual weight on the crossed product .# >, R is the
identity, so the crossed product .# >, R, and hence .#; is semifinite, and we have
an invariant trace on the crossed product algebra .# >, R.

We note that the crossed product algebra by R is properly infinite unless the
action is inner for all t € R. But this case has been excluded by assumption, so the
above factor 4" is isomorphic to the factor .4y, which appears in the central
decomposition of # >, R. Thus we may define the above factor .4"as the factor
which appears in the central decomposition of .# ><i, R, and this A41s of type I
or IT_ by the above remark. We also note that 6 on Z(.# >, R) is conjugate to
& on Z (M >, R).

We regard the automorphism R(é, Y) as a groupoid action of Y x Z on the
semifinite injective factor A" as in §1 of [Sutherland-Takesaki, 14]. We will
compare this action R(d, Y) with the following model actions P and P.

We define an action P of Y x Z on .4 as follows. If A4"is of type II ,, then take
and fix an action ¢ of R on .4#"such that we have tr o ¢, = ¢'tr where tr is the trace
on ./ and teR. If 4 is of type I, then we just set ¢, = Id € Aut(A") for every
te R. Then we define P by

P(y’n) = (p—logm(y_"), fOl' y(:' Y',nEZ,

where m(y, n) is the value of Radon-Nikodym derivative of T " at y € Y. With this
P, we also define an action P of a groupoid X x R on ./ as follows. First we
define a groupoid homomorphism pof X x Rto Y x Z by

(x.1) = (py(x),Card{s|0 <s < t,F,xe Y x 0}), ift=0
PO = (py(x), Card{s|t <s <0, Fxe Y x 0}), ift <0,
where the projection py of X onto Y is defined by py(y,t) = y. Then we define P by
P(y) = P(p(y)), whereyeX x R.

We can define the action P of R on 4" ® L*(X, u) by






























